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PREFACE 



An associative ring is just realized or built using reals or complex; finite or infinite 
by defining two binary operations on it. But on the contrary when we want to define 
or study or even introduce a non-associative ring we need two separate algebraic 
structures say a commutative ring with 1 (or a field) together with a loop or a 
groupoid or a vector space or a linear algebra. The two non-associative well-known 
algebras viz. Lie algebras and Jordan algebras are mainly built using a vector space 
over a field satisfying special identities called the Jacobi identity and Jordan identity 
respectively. Study of these algebras started as early as 1940s. Hence the study of 
non-associative algebras or even non-associative rings boils down to the study of 
properties of vector spaces or linear algebras over fields. 

But study of non-associative algebras using loops, that is loop algebras (or loop 
rings) was at its peak only in the 1980s. But till date there is no separate book on 
loop rings. So in this book we have given more importance to the study of loop rings 
and above all Smarandache loop rings. Further in my opinion the deeper study of 
loop rings will certainly branch off into at least five special type of algebras like 
Moufang algebras, Bol algebras, Brack algebras, Alternative algebras and P- 
algebras. The author does not deny there are several research papers on these five 
special algebras but each of these algebras can be developed like Lie algebras and 
Jordan algebras. 

Another generalized class of non-associative algebras are from groupoid rings. The 
class of loop rings are strictly contained in the class of groupoid rings. Several 
important study in the direction of Smarandache notions has been done in this book. 
Groupoid rings are a very new concept, till date only very few research papers exist 
in the field of Groupoid rings. The notion of Smarandache Lie algebras and 
Smarandache Jordan algebras are introduced. There are several informative and 
exhaustive books on Lie algebras and Jordan algebras. Further as the study of these 
two algebras heavily exploits the concepts of vector spaces and matrix theory we do 
not venture to approach Smarandache Lie algebras or Smarandache Jordan algebras 
in this direction. But in this book we approach Smarandache Lie algebras and 
Smarandache Jordan algebras as a study in par with associative ringsfor such a study 
has not yet been approached by any researcher in this way. This book is distinct and 
different from other non-associative ring theory books as the properties of 
associative rings are incorporated and studied even in Lie rings and Jordan rings, an 
approach which is not traditional. 
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This book has seven chapters. First chapter is not only introductory but also devotes 
an entire section to introduce the basic concepts in Smarandache vector spaces. 
Chapter two studies about Smarandache loop rings and in chapter three, the 
Smarandache groupoid rings is introduced and analysed. Chapter four is devoted to 
the introduction of several new concepts in Lie algebras and Smarandache Lie 
algebras. Chapter five defines Smarandache Jordan algebras and gives several new 
notions so far not studied about in Jordan algebras and Smarandache Jordan algebras. 
Overall, we have introduced nearly 160 Smarandache notions relating to non- 
associative rings. The sixth chapter gives suggestions for future study. The last 
chapter gives about 150 problems which will help any researcher. 

I first deeply acknowledge my indebtness to Dr. Minh Perez of American Research 
Press, whose constant mental support and encouragement made me write this book. 

I thank my husband Dr. Kandasamy and my daughters Meena and Kama, who 
tirelessly worked for very long hours, typing and proof-reading this book. 

I dedicate this book to Mahatma Jotirao Phule (1827-1890), a veteran social 
revolutionary whose progressive ideas and activism - encompassing the triple 
concerns of caste, class and gender - heralded a definitely different future for India's 
oppressed masses. At the age of twenty, Phule established the first and only school 
for the girls of untouchable and oppressed castes, at a period of time in history where 
women and the oppressed castes were denied all education. His greatness remains in 
his challenging the ruthless gender-based and caste-based domination over 
education, a domination which still continues and requires our intensive struggle. 
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Chapter 1 



BASIC CONCEPTS 



This chapter on basic concepts has three sections. First section mainly describes the 
specific notions of vector space and bilinear forms. In section two we develop the 
definition of Smarandache K-vectorial space given in [43], In fact we develop 
several important properties in this direction, which has so far remained as an 
undeveloped concept. In the final section we just recall the definition of semigroups, 
groupoids, S-semigroups, S-groupoids and loops. 



1.1 Basics of Vector space and bilinear forms 

In this section we just recall the concept of vector space, bilinear form, symmetric 
and skew symmetric forms. As we expect the reader to be well versed with concepts 
in algebra we do not recall the definition of fields or rings. 

Definition 1.1.1: A vector space or a linear space consists of the following: 

1 . a field K of scalars. 

2. a set V of elements called vectors. 

3. a rule or operation called vector addition which associates with each pair 
of vectors a ,p in V a vector a +P in V, called the sum of a and P in such 
a way that 

a. addition is commutative a + P =P + a . 

b. addition is associative that is a + (j3 + y) = (a + Pj + y. 

c. There is a unique vector 0 in V, called the zero vector 
such that a + 0 = a for all a e V. 

d. For each vector a in V there is a unique vector - a in V 
such that a + (-a) = 0. 

4. An operation called scalar multiplication, which associates with each 
scalar c in K and a vector a in V a vector ca in V called the product of c 
and a in such a way That 

a. l.a = a for all a e V 

b. (aiaf) a = a fa 2 a). 

c. a( a+Pj = a a + a$. 

d. (a 1 + a 2 ) a = aja +ayi, aj, 02 , a e K and a, P e V 

Thus we see a vector space unlike the abstract structures rings or fields is a 
composite structure consisting of two algebraic structures called fields and vectors, 
which forms an additive abelian group. Here it is pertinent to mention that 'vector' 
does not imply it is a vector quantity, only to mention that it is different from the 
elements of the field which are termed as scalars. 
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Definition 1.1.2: A subspace of the vector space V is a subset W of V which is itself 
a vector space over F with the operations of vector addition and scalar 
multiplication on V. 

The reader is advised to learn the concept of basis, linear transformation, linear 
operator etc. We say a vector space is finite dimensional if there exists a finite set of 
linearly independent elements (vi, V 2 , v n ) in V which generate V, otherwise it is 
infinite dimensional that is there does not exist a finite set of linearly independent 
elements in V which can span V. 

The following definitions will be used in the later chapters, hence we recall them. 

Definition 1.1.3: A bilinear form on a vector space V (real or complex) is a 
mapping [x, y] — > (x, y) of Vx V into the set of (real or complex) numbers such that 

(ax + bx\ y) = a (x, y) + b (x\ y) and 
(x, ay + by) = a (x, y) + b (x, y) 

for all vectors x, x'y, y' in V and scalars a, b in the field. 

Definition 1.1.4: A bilinear form is skew symmetric if (x, y) = - (y, x) for all 

vectors x, y. A Hermitian form on a complex vector space V is a mapping [x, y] — » 

(x, y) of V x V into the set of complex numbers such that (x, y) = ( y, x ) and (ax + 

bx\ y) = a (x, y) + b (x\ y) so that (x, ay + by) = a(x,y) + b ( x,y)for all vectors x, 
x', y, y' and scalars a, b. A bilinear form (x, y) is called non-singular if for every xo g 
V (xo =£ 0) the linear form (x, xo) is not identically 0. Otherwise the bilinear form is 
said to be singular. This form is said to be positive definite if (x, x) > 0 for all x =£ 0; 
re V. 

Definition 1.1.5: A subset B of an associative algebra A over a field F is called 
weakly closed if for every ordered pair (a, b), a, b g B. there is defined an element 
x(a, b) g F such that ab + x (a, b) ba g B. We assume the mapping (a, b)-> x (a,b) is 
fixed and write ax b = ab + x (a, b ) ba. 

A subset IT of B is called a subsystem if c x d e IT for every c, d g fl, and If is a left 
ideal (ideal) if a x c g Tl (ax c and c xa & Y\) for every a g B and c g II GL (V) or 
gl (v) denotes the group of all non-singular linear transformations of V, this is a 
linear algebraic group. 



1.2 Smarandache vector spaces 

In this section we introduce the concept of Smarandache K-vectoroial space as given 
in [43]. We further illustrate with examples. As no one has worked on the 
Smarandache properties of Smarandache K-vectorial spaces here we have developed 
some of the concepts, which will be very useful in the study of linear structure and 
Lie algebra. The notions of Smarandache basis and Smarandache transformations are 
defined. 
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Definition [43]: The Smarandache K-vectorial space (S-K-vectorial space) is 
defined to be K-vectorial space (A, +, .) such that a proper subset of A is a K- 
algebra (with respect to the same induced operation and another ‘x’ operation 
internal on A where K is a commutative field). 

By a proper subset we understand a set included in A, different from the empty set, 
from the unit element if any, and from A. 

Example 1.2.1: Let V! = F mxn be a vector space over Q and V 2 = Q [x] be a vector 
space over Q. Then V = Vi x V 2 , the direct product of the vector spaces over Q. We 
see V is a S-Q-vectorial space. For {0} x V 2 c V is a proper subset of V is a Q- 
algebra with respect to the same induced operation and the ‘x’ in V 2 being the 
polynomial multiplication. Here K = Q. 

Example 1.2.2: V = V| x V 2 x V 3 where Vi = Q x Q is a vector space over Q, V 2 = 
Q[x] is a vector space over Q and V 3 = {set of all odd degree polynomials with 
coefficients from Q}. V is a S-Q-vectorial space and Vj = Vi x {0} x {0} is a proper 
subset of V which is a K-algebra. 

Similarly V 2 = {0} x V 2 x {0} is a proper subset which is a Q-algebra over Q. Thus 
by this example we illustrate that there can be more than one proper subset which is 
a K-algebra, for K = Q in this example. Now we proceed on to define a Smarandache 
K-vectorial subspace. 

Definition 1.2.1: Let A be a K-vectorial space. A proper subset X of A is said to be 
a Smarandache K-vectorial subspace (S-K-vectorial subspace) of A ifX itself is a S- 
K-vectorial space. 

Theorem 1.2.1: Let A be a K-vectorial space. If A has a S-K-vectorial subspace 
then A is S-K-vectorial space. 

Proof. Follows from the very definition. Thus we need not say that A is a S-K- 
vectorial space for if A has a S-K-vectorial subspace then A itself is a S-K-vectorial 
space. 

The study of Smarandache basis is really a new concept. 

Definition 1.2.2: Let V be a finite dimensional vector space over a field K. Let B = 
{vi, v 2 , .... v n } be a basis of V. We say B is a Smarandache basis (S-basis) ofVif'B 
has a proper subset say A, A a B and A =£ <j>; A # B such that A generates a subspace 
which is linear algebra over K that is if W is the subspace generated by A then W 
must be a K-algebra with the same operation of V. 

Thus it is interesting to note that all basis of a vector space need not in general be a 
S-basis. 

Theorem 1.2.2: Let V be a vector space over the field K. IfB is a S-basis then B is a 
basis of V. 
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Proof. Obvious by the very definition of these concepts. 

Definition 1.2.3: Let V be a finite dimensional vector space over a field K. Let B = 
{v] , i >2 , ..., v„} be a basis of V . If every proper subset of B generates a linear 
algebra over K then we call B a Smarandache strong basis (S-strong basis) for V. 

Definition 1.2.4: Let L be any vector space over the field K. We say L is a 
Smarandache finite dimensional vector space (S-finite dimensional vector space) of 
K if every S-basis has only finite number of elements in it. It is interesting to note 
that if L is a finite dimensional vector space then L is a S-finite dimensional space 
provided L has a S-basis. 

It can also happen that L need not be a finite dimensional space still L can be a S- 
finite dimensional space. 

Theorem 1.2.3: Let V be a vector space over the field K. If A = {vi, v?, ..., v n } is a 
S-strong basis of V then A is a S-basis of V. 

Proof. Easily follows from the very definition of these concepts. 

Theorem 1.2.4: Let V be a vector space over the field K. If A = {vj , v?, ..., v n } is a 
S-basis ofV.A need not in general be a S-strong basis of V. 

Proof. By an example. Let V = Q [x] be the set of all polynomials of degree less than 
or equal to 10. V is a vector space over Q. Clearly A = { 1, x, x 2 , . . ., x 10 } is a basis of 
V. In fact A is a S-basis of V for take B = {1, x 2 , x 4 , x 6 , x 8 , x 10 }. Clearly B generates 
a linear algebra. But all subsets of A do not form a S-basis of V, so A is not a S- 
strong basis of V but only a S-basis of V. Hence the claim. 

Now we proceed on to define Smarandache eigen values and Smarandache eigen 
vectors of a vector space. 

Definition 1.2.5: Let V be a vector space over the field F and let T be a linear 
operator from V to V. T is said to be a Smarandache linear operator (S-linear 
operator) on V if V has a S-basis, which is mapped by T onto another S-basis of V. 

Definition 1.2.6: Let T be a S-linear operator defined on the space V. A 
characteristic value c in F of T is said to be a Smarandache characteristic value (S- 
characteristic value) of T if the characteristic vector of T associated with c generate 
a subspace which is a linear algebra, that is the characteristic space associated with 
c is a linear algebra. So the eigen vector associated with the S-characteristic values 
will be called as Smarandache eigen vectors (S-eigen vectors) or Smarandache 
characteristic vectors (S-characteristic vectors). 

All other related concepts can be developed. But as this book is on non-associative 
ring we may not require all these properties we have just freshly defined the essential 
ones for making use of them in later chapters. 
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1.3 Basic definitions of other algebraic structures 

In this section we just define the concept of semigroups, groupoids, S-semigroups, S- 
groupoid, S-loops and loops. For in chapters 2 and 3 the non-associative rings are 
introduced mainly using these algebraic structures loops and groupoids viz loop rings 
and groupoid rings. These rings are non-associative having several properties other 
than the properties enjoyed by Lie algebras and Jordan algebras. 

Definition 1.3.1: Let S be a non-empty set on which is defined a binary operation 
'. ' such that 



1. a.b g S for all a, b g S. (closure axiom) 

2. a. (b.c) = (a.b).c for all a, b, c e L. (associative law) 

(S, .) is called the semigroup. The semigroup in general may not have identity. If the 
semigroup S has an element e e S, such that s.e = e.s = s for all s e S, then we call 
(S, .) a semigroup with unit or a monoid. 

Definition 1.3.2: Let G be a non-empty set on which is defined a binary operation 
’ such that S is closed under '. ’ But '. ’ on S is not in general associative, then we 
say (S, .) is a groupoid. Thus a groupoid is a non-associative semigroup. 

A groupoid may or may not have the identity. If it has identity then we call the 
groupoid to be a groupoid with identity. Thus trivially all semigroups are groupoids 
and all groupoids in general need not be semigroups. 

Example 1.3.1: Let Z + be the set of integers. Define an operation V on Z by a.b = 
na + mb where m and n are any pair of chosen numbers such that (m, n) = 1 (m # 1, 
n =£ 1). Clearly (Z + ,.) is a groupoid which is not a semigroup but Z + under usual 
multiplication and addition are semigroups . 

Definition 1.3.3: Let L be a non-empty set, we say L is a group if on L is defined a 
binary operation '* ’ such that 

1. L is closed under '* ’ i.e. a * b e L for all a, b g L. 

2. a * (b * c) = (a * b) * c for all a, b, c e L. 

3. There exist an element e e L such that a * e = e * a = a for all a e L. 

4. For every at L there exist a unique element a' 1 g L such that a * a ! = a * a 

= e. 

A non-associative group is called a loop. 

Definition 1.3.4: The Smarandache semigroup (S-semigroup) is defined to be a 
semigroup A such that a proper subset of A is a group. 

Definition 1.3.5: A Smarandache groupoid G (S-groupoid) is a groupoid, which 
has a proper subset S a G which is a semigroup under the operations of G. 
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Definition 1 . 3 . 6 : A loop L is said to be a Smarandache loop (S-loop) if L has a 
proper subset, which is a group under the operations of L. 

Defintion 1 . 3 . 7 : Let R be a non empty set on which is defined two binary 
operations '+ ' and '. ' ; (R, +, .) is a non-associative ring, if 

1. (R, +) is an additive abelian group with 0 

2. (R, .) is closed with respect to '. ' and a . (b.c) =£ (a.b) . c for some a, b, c e R. 

3. a. (b + c) = a.b + a. c ( The distributive law are true) for all a, b, c, e R. 

Let R be a non-assoiciative ring. R is said to be a Smarandache non-associative ring 
(SNA-ring) if S contains a proper subset P such that P is an associative ring under 
the operations ofR. 

(We as a matter of convention put ab for a.b). 

Loop rings are constructed analogous to group rings. Group rings are associative 
where as loop rings are non-associative rings. Similarly analogous to semigroup 
rings, groupoid rings are constructed replacing a semigroup by a groupoid. Groupoid 
rings are also non-associative rings. Thus the study of there two classes of non- 
associative rings is carried out in chapters 2 and 3 respectively. 
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Chapter 2 



LOOP RINGS AND SMARANDACHE LOOP 
RINGS 



This chapter introduces the notion of Smarandache loop rings. It has five sections. In 
section one we just recall the definition of loops and Smarandache loops and give 
some of its basic properties which are very essential for the study of later sections in 
this chapter. 

In section two we recall the properties of loop rings and introduce the basic 
definitions and notions of Smarandache loop rings. In fact several properties are 
defined and illustrated with examples. Section three defines several types of 
Smarandache elements. Around twenty theorems are proved about these special 
Smarandache elements. Smarandache substructures are analysed and defined in 
section four. Over twenty definitions and thirty-five theorems about these 
Smarandache substructures are given. In the final section we give a few general 
properties of loop rings and their Smarandache analogues. 



2.1 Introduction of Loops and Smarandache loops 

In this section we just recall the definition of loops and Smarandache loops, illustrate 
them with examples and enumerate its basic properties. 

Definition 2.1.2: A non-empty set L is a said to form a loop, if in L is defined a 
binary operation called product and denoted by ’ such that for all a, b e L we have 
a.b g L, L contains an element e such that a.e = e.a = a for all a e L; e is called the 
identity element of L. For every ordered pair (a, b) eixl there exists a unique pair 
(x, y) g L x L such that ax = b and ya = b. The binary operation ’ need not in 
general be associative for a loop. 

Thus all groups are loops and loops in general are not groups. 

Example 2.1.1: Let (L, .) be a loop given by the following table: 





e 


ai 


a 2 


a 3 


a 4 


a 5 


e 


e 


ai 


a 2 


a 3 


a 4 


a 5 


ai 


ai 


e 


a 4 


a 2 


a 5 


a 3 


a 2 


a 2 


a 4 


e 


a 5 


a 3 


ai 


a 3 


a 3 


a 2 


a 5 


e 


ai 


a 4 


a 4 


a 4 


a 5 


a 3 


ai 


e 


a 2 


a 5 


a 5 


a 3 


ai 


a 4 


a 2 


e 



Definition 2.1.2: Let (L, .) be a loop, we say L is a commutative loop if a.b = b.a 
for all a, b g L. Loop L is said to be of finite order if L has finite number of elements; 
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and we denote it by o(L) or \L\. IfL has infinite number of elements then we say L is 
of infinite order. 

Definition 2.1.3: Let (L, .) be a loop and S a proper subset of L. We say (S, .) is a 
subloop if S itself is a loop under ’ A subloop S of L is said to be a normal subloop 
ofL if 

1. xS = Sx. 

2. (Hx) y = H (xy). 

3. y (xH) = (yx) H for all x,y e L. 

A loop L is said to be a simple loop if it does not contain any nontrivial normal 
subloops. 

Definition 2.1.4: If x and v are elements of a loop L, the commutator (x, y) is 
defined by xy = (yx) (x, y). 

The commutator subloop of a loop L (denoted by L ’) is the subloop generated by all 
of its commutators, that is L' = ({x e L / x = (y, z) for some y, z e Lf), where L ' c L, 
(L ') denotes the subloop generated by L 

Definition 2.1.5: Let L be a loop, ifx, y, z are elements of a loop L an associatoifx, 
y, z) is defined by (xy)z = (x(yz)J, (x, y, z) the associator subloop of a loop L (denoted 
by A (L)) is the subloop generated by all of its associators, that is, ( {x e L / x = (a, 
b, c) for some a, b, c e Lf). 

Definition 2.1.6: A loop L is said to be a Moufang loop if it satisfies any one of the 
following identities 

(xy)(zx) = (x (yz)) x. 

((xy) z) =x(y(xy)). 
x (y (xz)) = ((xy) x) z 

for all x,j/,ze L. 

These identities will be termed as Moufang identities. 

Definition 2.1.7: A loop L is called a Bruck loop if (x (yx)) z = x (y (xz)) and (xyf 1 
= x' 1 y 1 for all x, y, z e L. 

Definition 2.1.8: A loop (L, .) is called a Bol loop if ((xy) z) y = x ((yz) y) for all x, 
y, z e L. 

Definition 2.1.9: A loop L is said to be right alternative if (xy) y = x (yy) for all x, y 
e L and left alternative if (xx)y = x(xy) for all x, y e L. L is said to be an alternative 
loop, if it is both a right and a left alternative loop. 

Definition 2.1.10: A loop (L, .) is called a weak inverse property loop (WIP-loop) 
if (xy)z = e imply x(yz) = e for all x,y,z e L. 



14 




Definition 2.1.11: A loop L is said to be semi alternative if (x, y, z) = (y, z, x) for 
all x, v, z e L, where (x, y, z) denotes the associator of elements x, y, z e L. 

Definition 2.1.12: Let L be a loop. The left nucleus N% = {a e L / (a, x, y) = e for 
all x, y g Lj is a subloop of L. The middle nucleus N [l = {a e L / (x, a, y) = e for all 
x, y e Lj is a subloop of L. The right nucleus N p = {a e L / (x, y, a) = e for all xje 
L} is a subloop of L where e is the identity elemtent of L. 

The nucleus N(L) of a loop L is the subloop given by N(L) = N p n N\ n N p . 

Definition 2.1.13: The Moufang center C(L) is the set of elements of the loop L 
which commute with every element of L, that is C (L) = {x e L / xy = yx for all y e 
Lf 

The center Z(L) of a loop L is the intersection of the nucleus and the Moufang center 
that is Z(L) = C(L) n N(L). 

Definition 2.1.14: A map 0 from a loop L to a loop L ’ is called a homomorphism if 
0 (ab) = Q (a) Q (b) for all a, b e L. 

Definition 2.1.15: Let (L, .) be a loop. For a e L define a right multiplication R„ as 
the permutation of the loop (L, .) as follows. R a : x — » x. a we will call the set {R a / a e 
L} the right regular representation of (L, .) or briefly, the representation ofL. 

Definition 2.1.16: For any predetermined a, b in the loop L, a principal isotope (L, 
*) of the loop (L, .) is defined by x * y = X.Y where X.a = x and b.Y = y. Let L be a 
loop. L is said to be G-loop if it is isomorphic to all of its principal isotopes. 

Now we define a new class of loops of even order built using Z n . 

Definition 2.1.17: Let L„(m) = {e, 1, 2, 3, ..., n} be the set where n > 3, n is odd 
and m is a positive integer such that (m, n) = 1 and (m - 1, n) = 1 with m < n. Define 
on L n (m) a binary operation ’ as follows. 

e.i = i.e = i for all i e L„(m) 

i.i = r = e for all i e L n (m) 

i.j = t where t = (mj - (m - 1) i) (mod n) 

for all i,j e L n (m); i =£ j, i ^ e and j ^ e. 

Then (L n (m), .) is a loop. 

Let L n denote the class of all loops L n (m) for a fixed n and various m 's satisfying the 
conditions; m < n; (m, n) = 1 and (m - 1, n) = 1; that is L n = { L n (m ) / n > 3, n odd, 
m < n, (m, n) = 1 and (m - 1, n) = 1J. 

Example 2.1.2 : Let L 7 (3) = {e, 1, 2, 3, 4, 5, 6, 7} be a loop in L 7 given by the 
following table: 
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e 



Clearly Lj (3) is a WIP-loop and it is non-commutative and of order 8. 

Now we proceed on to define the concept of Smarandache loops and give some of 
the Smarandache properties enjoyed by them as that alone will make this chapter 
self-contained. 

Definition 2.1.18: A Smarandache loop (S-loop) is defined to be a loop such that a 
proper subset A of L is a subgroup (with respect to the same induced operations) that 
is <j) ^ A a L. 

Example 2.1.3: Let L be a loop given by the following table: 
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e 



Clearly {e, 1}, {e, 2}, {e, 3}, {e, 4} and {e, 5} are subgroups of L. Hence L 5 (3) is a 
S-loop. 

Theorem [72]: Every power associative loop is a S-loop. 

Proof: Obvious by the very definition of power associative loop as every element 
generates a group. Hence every power associative loop is a S-loop. 

Theorem [72]: Every diassociative loop is a S-loop. 

Proof: Follows from the fact that every pair of elements in a loop generates a 
subgroup. Hence the claim. 

Theorem [72]: Every loop L n (m) in L n , n > 3, n an odd integer (m, n) = 1 and (n, m 
- 1) = 1 with m < n is a S-loop. 

Proof: Since L n (m) e L n are power associative loops as every element generates a 
group, we see each L n (m) e L n is a S-loop. 
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Definition [72]: Smarandache Bol loop (S-Bol loop) is defined to be a loop L such 
that a proper subloop (which is not a subgroup) A of L is a Bol loop (with respect to 
the operations of L). That is 0 ^ A ci S. Similarly we define Smarandache Bruck loop 
(S-Bruck loop), Smarandache Moufang loop (S-Moufang loop) and Smarandache 
right (left) alternative loop (S-right (left) alternative loop). 

In the definition we insists that A should be a subloop of L and not a subgroup of L. 
For every subgroup is a subloop but a subloop in general is not a subgroup. Further 
every subgroup will certainly be a Moufang loop, Bol loop, or a Bruck loop. 

Theorem [72]: Every Bol loop is a S-Bol loop but every S-Bol loop is not a Bol 
loop. 

Proof. Left for the reader to prove. 

Definition 2.1.19: Let L and L' be two S-loops, with A and A' its subgroups 
respectively. A map (j) from L to L' is called a Smarandache loop homomorphism (S- 
loop homomorphism) if <j) restricted to A is mapped onto the subgroup A' in L', that is 
(|).' A — » A ' is a group homomorphism. 

The concept of S-loop isomorphism and automorphism are defined in a similar way. 
For results about S-loops refer [72]. We conclude this section with the introduction 
of Smarandache subloop, Smarandache normal subloop and related concepts. 

Definition 2.1.20: Let L be a loop a proper subset A of L is said to be a 
Smarandache subloop (S-subloop) of L if A is a subloop of L and A is itself a S-loop; 
that is A contains a proper subset B which is a group under the operations of L, i.e., 
we demand a S-subloop which is not a subgroup. 

Theorem 2.1.1: Let L be a loop, ifL has a S-subloop then L is a S-loop. 

Proof. Straightforward by the definition. 

Theorem 2.1.2: Let L be a S-loop every subloop of L need not be a S-subloop of L. 

Proof. By an example. Let Ls(2) e L 5 be a loop. It is clearly a S-loop but Ls(2) has 
no S-subloops. 

Definitions 2.1.21: Let L be a S-loop. IfL has no subloops but only subgroups we 
call L a Smarandache subgroup loop (S-subgroup loop). 

Theorem 2.1.3: Let L n (m) e L n where n is a prime. Then the class of loops in L n are 
S-subgroup loop. 

Proof. Use simple number theoretic argument and use the fact n is a prime we see 
L n (m) has only subgroups and no subloops. 

Definition 2.1.22: Let L be a loop. We say a nonempty subset A of L is a 
Smarandache normal subloop (S-normal subloop) if 
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a. A is itself a normal subloop of L. 

b. A contains a proper subset B where B is a subgroup under the operations of 
L. IfL has no S-normal subloop we say the loop L is Smarandache simple (S- 
simple) 

Theorem 2.1.4: Let L be a loop. IfL has a S-normal subloop then L is a S-loop. 
Proof Left for the reader as an exercise. 

Definition 2.1.23: Let L be a finite S-loop. An element a e A, A a L, A the 
subgroup of L is said to be Smarandache Cauchy element (S-Cauchy element) of L if 
a' = 1 (r> 1), 1 is the identity element ofL and r divides the order ofL; otherwise a 
is not a S-Cauchy element of L. 

Definition 2.1.24: Let L be a finite S-loop. If every element in every subgroup is a 
S-Cauchy element then we say S is a Smarandache Cauchy loop (S-Cauchy loop). 

Theorem [72]: Every loop in the class of loops L n are S-Cauchy loops. 

Proof. Obvious by the very definitions. 

Definition 2.1.25: Let L be a finite loop. If the order of every subgroup in L divides 
the order of the loop L then L is a Smarandache Lagranges loop (S-Lagranges loop). 

Definition 2.1.26: Let L be a finite loop. If there exist at least one subgroup in L 
whose order divides the order of L then L is Smarandache weakly Lagranges loop 
(S- weakly Lagranges loop). 

Definition 2.1.27: Let L be a loop. We say L is a Smarandache commutative loop 
(S-commutative loop) ifL has a proper subset A such that A is a commutative group. 

Example 2.1.4 : The loop Lv(3) e L 7 is a S-commutative loop but clearly L 7 (3) is not 
a commutative loop. 

Definition 2.1.28: If every subgroup of a loop L is commutative we call L a 
Smarandache strongly commutative loop (S-strongly commutative loop). 

The author is requested to obtain the relations between these concepts. 

Theorem [72]: Let L be a power associative loop, L is then a S-commutative loop. 

Proof. Direct by the very definitions. 

Thus we have a class of loops which are S-commutative. 

Definition 2.1.29: Let L be a loop. L is a Smarandache cyclic loop (S-cyclic loop) 
if L contains atleast a proper subset A which is a cyclic group. We say L is 
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Smarandache strongly cyclic (S-strongly cyclic) if every subset which is a subgroup 
is a cyclic group. 

Theorem [72]: Let n be a prime, every loop in the class of loops L n are S-strongly 
cyclic loops. 

Proof. Follows from the fact when n is a prime, L n (m) for any m have only n 
subgroups each cyclic of order 2. 

Theorem [72]: Let L n be a class of loops, n > 3, if n = pf pf ...pf , (a, > 1 for i = 
1, 2, 3, ..., k) then it contains exactly F n loops which are strictly non-commutative 
and they are 



S-strongly commutative loops 

k a - 1 

S-strongly cyclic loops; where F n = FI ( p j - 3) pf‘ 



Proof. Kindly refer [72]. 

Definition 2.1,30: Let L be a loop. If A (A a proper subset of L) is a S-subloop of L 
is such that A is a pseudo commutative loop then we say L is a Smarandache pseudo 
commutative loop (S-pseudo commutative loop) i.e., for every a, b e A, we have x e 
B such that a(xb) = b (xa) (or (bx) a) B a subgroup in A. 

If a. x.b = b.x.a for all x e A and a, b e A we say L is a Smarandache strongly 
pseudo commutative loop (S-strongly pseudo commutative loop). Now we proceed on 
to define the concept of Smarandache commutator subloop (S-commutator subloop) 
of a loop L denoted by F. Let L be a loop; A a L be a S-subloop of L, L s = ( {x ' e A / 
x = (y, x) for some y, z e A}) with the usual notation and ifL has no S-subloops but L 
is a S-loop we replace A by L. 

Theorem [72]: Let L be a S-loop, which has no S-subloops then if = Lf 
Proof. Left for the reader to prove. 

Similarly we have to define the concept of Smarandache associative subloop of a 
loop L. 

Definition 2.1.31: Let L be a loop. We say L is a Smarandache associative loop (S- 
associative loop) if L has a S-subloop A such that, A contains a triple x, y, z (all three 
elements distinct and different from e, the identity element of A) such that x.(y.z) = 
(x.y).z. This triple is called the Smarandache associative triple (S-associative triple). 

We say L is a Smarandache strongly associative loop (S-strongly associative loop) if 
in L every S-subloop has an S-associative triple. 

Suppose if x, y e A (A a L, L a loop, A a S-subgroup of L) we have (xy) x = x (yx) 
then we say the loop L is a Smarandache pair wise associative loop (S-pairwise 
associative loop). 
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The Smarandache associator subloop (S-associator subloop) of L is denoted by L A , is 
the subloop generated by all the associators in A, where A is a S-subloop of L (A a 
L) i.e., L a = {{x e A / x = (a, b, c) for some a, b, c e Lf). IfL has no S-subgroup but 
L is a S-loop we replace A by L itself Thus we have in that case the S-associator 
coincides with the associator of the loop L. 

Definition 2.1.32: Let L be a loop, A is a S-subloop in L, if we have an associative 
triple a, b, c in A such that (ax) (be) = (ab) (xc) for some x e A, we say L is a 
Smarandache pseudo associative loop (S-pseudo associative loop) if every 
associative triple in A is a pseudo associative triple of A for some x in A. IfL is a S- 
loop having no S-subloops then we replace A by L. Suppose L is a S-pseudo 
associative loop, then PA (L s ) = ({t e A / (ab) (tc) = (at) (be) where (ab) c = a (be) 
for a, b, c e A}) denotes the Smarandache pseudo associator (S-pseudo associator). 

We define or recall the definition of these concepts as they will play a major role in 
the definition and study of properties of the Smarandache non-associative rings, 
which is very recent [73], 

Problems: 

1 . Give an example of a S-loop of order 15. 

2. Can a S-loop of order 5 be S-cyclic? 

3. Given an example of a S-loop of order 21, which is S-commntative. 

4. Find L s for the loop L = L 9 (5). 

5. Does L i 3 (5) have nontrivial L a ? 



2.2 Properties of Loop Rings and Introduction to Smarandache loop 
rings 

In this section we just recall the definition of loop rings and enumerate several of the 
properties enjoyed by loop rings and here give some of its basic Smarandache 
properties mainly using the well known class of loops L n . Further we state that 
throughout this paper by a ring R we mean only a commutative ring with 1 or a field; 
it can be finite or infinite. Z n denotes the ring of integers modulo n, n a composite 
number, Z p , the prime field of characteristic p, Z the set of integers which is a ring, in 
fact an integral domain, Q the field of rationals and R the field of reals. L will denote 
a loop non-necessarily abelian but never a group so by a loop we mean a non- 
associative group. 

Definition 2.2.1: Let R be a commutative ring with identity 1 and let L be a loop. 
The loop ring of the loop L over the ring R denoted by RL consists of all finite formal 
sums of the form '^\t i m i (i - runs over a finite number) where a, e R and m, e L 

i 

satisfying the following conditions. 

n n 

a. y'a i m i = ^ ft i m i <=>a ( . = P, fori = 1, 2, 3, ..., n 

i=l i=l 
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b. 



c. 



Z«^ 



f n A 



Zp 



i = 1 



/ „ A 



= Z(w + P,K 



/=1 



Z a . w < Z p 

V i=l j=i J 



' i H J 



= Xy k m k where Za- = X a,- [1/ 



m,. =171:171 : 



d. r, trii = nij r t for all r, e and 117 e L. 

m m 

'/ ,r i m j = Z (rr i )m i for r £ R and Xr, m, e /<*/.. 



e. r 



/.v a non-associative ring with 0 & R as its additive identity. Since 1 & R we have 
L = l.L c: /<*/. and Re = Rci RL, where e is the identity of L. 

We give one example of a loop ring. 

Example 2.2.1 : Let Z 2 = {0, 1} be the prime field of characteristic two and L be the 
loop given by the following table: 




Z 2 L is the loop ring, which is obviously a non-associative ring. 

We give some of the basic definitions about loop rings. 

Definition 2.2.2: A loop ring RL is said to be an alternative loop ring if (xx) y = 
x(xy) and x (yy) = (xy) y for all x, y e RL. In a ring R let x, y e R. A binary operation 
known as the circle operation is denoted by ‘o ’ and is defined by x o y = x + y - xy. 

Definition 2.2.3: Let x e R, R a ring, x is said to be right quasi regular (r.q.r) if 
there exist ay e R such that x o y = 0 and x is said to be left quasi regular (l.q.r) if 
there exists ay' e R such thaty' o x = 0. An element is quasi regular (q.r) if it is both 
right and left quasi regular, y is known as the right quasi inverse (r.q.i) of x andy' is 
the left quasi inverse (l.q.r) of x. A right ideal or left ideal in R is said to be right 
quasi regular (l.q.r or q.r respectively) if each of its element is right quasi regular 
(l.q.r or q.r respectively). 

Definition 2.2.4: Let R be a ring. An element x e R is said to be a regular element 
if there exists ay e R such that xyx = x. 
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Since loop rings are non-associative we need to define left regular element and right 
regular elements for loop rings. 

Definition 2.2.5: Let RL be a loop ring of a finite loop L over the ring R. An 
element x e RL is said to be right regular (left regular) if there exists a y e RL (y' e 
RL) such thatx (yx) = x or ((xy) x = x). 

The Jacobson radical J(R) of a ring R is defined as follows: 

J(R) = {a e R / a R is right quasi regular ideal ofR}. 

A ring R is said to be semi-simple if J(R) = {0}, where J(R) is the Jacobson radical 
ofR. 

Definition 2.2.6: Let RL be a loop ring of a loop L over the ring R. Let 



a = ^a,7?7 e RL . 

i=l 

Support of a denoted by supp a = {m, / a / =£ O'. \ Supp a| denotes the number of 
elements in support of a. The augmentation ideal of RL denoted by W(RL) = {a = 
Ia,m ( e RL / la, = 0}. 



Now we recall some of the basic properties starting from some of the properties 
enjoyed by the new class of loops over rings Z 2 or Z p or Z or Q. 

Theorem 2.2.1: Let L be a loop of order n and R be any commutative ring with 1 
and of characteristic 0. RL be the loop ring of the loop L over R. If a = Xa,m, is right 
quasi regular, then X a, ^ / (a, e R and m t e L for all i = 1, 2, 3, ..., n). 

Proof. It is a matter of routine once we take L = {mi = 1, m 2 , m n } to be the n 
elements of L and make use of the fact, for 



n n 

a = Z a i m i> p=ZPj m j 

i-1 J=1 

in RL; a + P - a,p = 0. Equating the coefficients of the like terms and adding these 
coefficients we get la; + X(3j - (Xa ;)(X Pj) = 0 or X a; = Xp, (Xcq - 1). If Xcq = 1 then 
we get X a; = 0 a contradiction hence X a; ^ 1 . When we replace the ring of integers 
R by Z we get if a = Xa;m; e ZL is right quasi regular only in two cases when 

X cii = 0 or X a; = 2. A similar argument will yield the result directly. 

Finally in case of finite characteristic we arrive at a result only in case of the prime 
field of characteristic p; i.e., Z p . Let Z P L be the loop ring, Xa;mi is right quasi regular 
only when X a; ^ 1 (mod p). 
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Theorem 2.2.2: Let L be a loop and Z 2 L be the loop ring. (Z 2 = (0, 1) the prime 
field of characteristic two). If a g Z 2 L is right quasi regular, then \supp a| is an even 
number. 

Proof. Left for the reader as an exercise. 

Theorem 2.2.3: Let Z 2 be the prime field of characteristic two. L a commutative 
loop in which every element m g L is such that nr = 1, then a = I a, m ,• g Z 2 L is 
right quasi regular if and only if\suppa\ is an even number. 

Proof. Direct by using the fact m 2 = 1 for every m g L and L is a commutative loop. 

Thus we have still modified results in case of field of prime characteristic p, p an odd 
prime. 

Example 2.2.2\ Let L be a loop given by the following table: 




Z the ring of integers. ZL be the loop ring of a loop L over Z. e + a g ZL is quasi 
regular for (e + a) o (e + a) = (e + a) + (e + a) - (e + a) (e + a) = 0. Consider x = a - d 
g ZL with y = e + a - c + d we get (a - d) o (e + a - c + d) = a - d + (e + a - c + d) - 
(a - d) (e + a - c + d) = 0 and 

(e + a - c + d) o (a - d) = e + a - c + d + a - d - (e + a - c + d) (a - d) = 0. Thus a - d 
is also quasi regular, now consider 

(e + a) 0 (a - d) = e + a + a - d - (e + a) (a - d) = a + b. 

It is easily verified a + b has no right quasi inverse and left quasi inverse in ZL. Thus 
we make the following important observation that in general the set of quasi regular 
elements of a ring need not form a closed set under the circle operation. 

One of the nice results about Jacobson radical for loops rings is 

Result : Let L be a finite loop. Z 2 the prime field of characteristic 2 and Z 2 L be the 
loop ring of the loop L over Z 2 . Then m; + mj g J(Z 2 L) (where |L| = n, n is odd, n > 
7; Z 2 = [0, 1]) for any m;, mj g L. 



Theorem 2.2.4: Let F be a field of characteristic zero and L a finite loop; FL the 
corresponding loop ring. If a = I a, nij g FL (Sa, ^ 0) is a right (left) regular 
element withy as its right (left) relative inverse, then X (3/ = 7/X a,. 
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Proof. Let a be the right regular with y as its right relative inverse. Then x (yx) = x 
that is X a; m; ((X Pj mp (Xa; m,)) = X a, m;. Equating the coefficients of the like 
terms and adding all the equations we get (Xcq) ((Xpj) (Xa;)) = X a; or XPj = 1 / Xoq 
(as Xa; 0). 

Theorem 2.2.5: Let Z p L be the loop ring of a finite loop L = {m / = e, m 2 , .... m n } 
over the prime field Z p . Then x = k (e + m 2 + ... + m„) (0 ^ k e Z p ) is regular if and 
only if p/ n where n is the order of the loop. 

Proof. Left for the reader as an exercise. 

In view of this it can be easily proved that if p/n then Z p L is not regular. 

Theorem 2.2.6: Let R be the field of reals and L a finite loop in which m 2 = 1 for 
every nij e L. Then the loop ring RL has a nontrivial idempotent a = X a, m, only if 
a 1 < 1. 



Proof. By simple number theoretic arguments we get the result as a/ + a .2 + ... + 
a,, 2 = ai so ai < 1. 

Theorem 2.2.7: Let Z P L be the loop ring of a loop L over Z p . Then x = am, + bmj e 
Z p L (a 0, a b, b 0, m, ^ ny with p an odd prime) is an idempotent if and only if 
m, 2 = e and m 2 = e, a = (p + 1) / 2 and b = (p - 1) / 2. 

Proof. Simple calculations using number theoretical concepts, the proof is easily 
obtained. Hence left for the reader to prove. 

We now give some relation between the quasi regular elements and idempotents, 
how the existence of one, results in the non-existence of the other which is given by 
the following theorem. The reader is expected to prove it. 

Theorem 2.2.8: Let F be a field of characteristic two and let L = {mi = e, m 2 , .... 
m„} be the finite loop of order n. FL the loop ring of L over F. Then a = t (e + nu + 
... + m„) (t^O) is a quasi regular element in FL if and only if a is not an idempotent 
element in L. 

Yet another result of some significance is. 

Theorem 2.2.9: FL be the loop ring of a finite loop L in which there exists at least 
one ny in L such that m, 2 = e (m, =£ e) and F be a field of characteristic zero. Then a 
= m (e + m) e FL (m ^ f)j is quasi regular if and only if a is not an idempotent. 

Proof. Straightforward, hence left for the reader to prove. 

Thus we can conclude if L is a loop such that for each m; e L we have m; 2 = 1 and Z 
be the ring of integers then in the loop ring ZL no non-zero idempotent can be right 
quasi regular. Further even in Z 2 L, L satisfying the condition m 2 = 1 for all m in L 
and |L| < co a non-zero idempotent element cannot be right quasi regular. 
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Now we give the relation between the J(FL) and W(FL) in a loop ring. 



Theorem 2.2.10: Let L be a finite loop and let F be any field of characteristic zero 
or ring of integers. Then J(FL) a W(FL). 

Proof. The reader is expected to prove. 

Now a nontrivial question would be; can we ever have J(FL) = W(FL)? The answer 
is yes; given by the following theorem, which the reader is expected to prove. 

Theorem 2.2.11: Let F be any field or ring of integers and L be a finite loop. Then 
W(FL) = J(FL) if and only if every element ofW(FL) is right quasi regular. 

This is however illustrated by the following example. 

Example 2.2.3: Let Zi = {0, 1} be the prime field of characteristic two and L be a 
loop given by the following table: 





e 


X 2 


X 3 


X 4 


X 5 


X6 


e 


e 


X 2 


X 3 


X 4 


X5 


x 6 


x 2 


x 2 


e 


X 5 


X3 


X 6 


x 4 


X3 


x 3 


X 5 


e 


X 6 


x 4 


X 2 


x 4 


x 4 


X 3 


x 6 


e 


X 2 


X 5 


X5 


X 5 


X 6 


X 4 


X 2 


e 


X 3 


X 6 


X 6 


X 4 


X 2 


X 5 


x 3 


e 



It is easily verified J(Z2L) = WlZiL). If we replace Z2 by Z3 we see that J(Z3L) a 
W(Z3L). Z be the ring of integers and let L be a finite loop, then J(ZL) <z W(ZL). 
Several such results can be obtained. Now we proceed on to define Smarandache 
loop ring we in fact will define two levels of Smarandache loop rings. 

Definition 2.2.7: Let L be a loop and R any ring. The loop ring RL is a 
Smarandache loop ring (S-loop ring) if and only ifL is a S-loop. 

Thus in the very definition itself we demand the loop to be a S-loop. Even if the loop 
ring RL is a SNA-ring still we will not accept the ring to be a S-loop ring. 

A natural question would be what is a SNA-ring. We first define it in the following. 
We first define level I Smarandache NA rings. 

Definition 2.2.8: Let (R, +, .) be a non-associative (NA) ring. If a proper subset P 
of R is an associative ring under the operation of '+ ’ and ’ then we say R is a 
Smarandache NA ring (SNA-ring) of level I. That is if a ring is properly contained in 
a non-associative ring then we call the NA ring to be a Smarandache NA-ring (SNA- 
ring). 

Example 2.2.4: Let L be a loop given by the following table: 
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e 


ai 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


e 


e 


ai 


a 2 


a 3 


a 4 


a 5 


a 6 


a 7 


ai 


ai 


e 


a 5 


a 2 


a 6 


a 3 


a7 


a 4 


a 2 


a 2 


a 5 


e 


a 6 


a 3 


a 7 


a 4 


ai 


a3 


a 3 


a 2 


a 6 


e 


a 7 


a 4 


ai 


a 5 


a 4 


a 4 


a 6 


a 3 


a7 


e 


ai 


a 5 


a 2 


a 5 


a 5 


a 3 


a 7 


a 4 


ai 


e 


a 2 


a 6 


a 6 


a 6 


a 7 


a 4 


ai 


a 5 


a 2 


e 


a 3 


a7 


a 7 


a 4 


ai 


a 5 


a 2 


a 6 


a 3 


e 



Z be the ring of integers, ZL be the loop ring, clearly ZL is a non-associative ring. 
Now 1 .L = L <z ZL; so ZL is a SNA-ring. A natural question is "Will every loop ring 
be a SNA-ring?" The answer is yes as every loop contains 1 and the ring R over 
which the loop ring is defined is an associative ring. Hence every loop ring is a SNA- 
ring of level II. 

But is the loop ring a S-loop ring the answer is need not be. For if the loop L fails to 
be a S-loop, the loop ring will not be a S-loop ring even if it happens to be a SNA- 
ring. 

Definition 2.2.9: Let R be a NA-ring. A non-empty subset S of R is said to be a 
SNA-subring ofR if S contains a proper subset P such that P is an associative ring 
under the operations ofR. 

Theorem [73]: Let R be a NA-ring. If R has a SNA-subring then R is a SNA- 
subring. 

Proof. Direct by the very definitions. 

Theorem 2.2.12: Let (R, +, .) be a SNA-ring. Every subring of R need not in 
general be a SNA-subring of R. 

Proof. Let ZL be the loop ring given in example 2.2.4. Clearly if we take H = {e, aj 
then ZH is a subring of ZL which is not a SNA-subring of ZL. Hence the claim. 

Now we proceed on to define the concept of Smarandache ideal in a SNA-ring. 

Definition 2.2.10: Let R be a non-associative ring. A proper subset I of R is said to 
be a Smarandache NA right ideal (SNA-right ideal) ofR if 

I is a SNA-subring ofR; i.e., J a I, .J is a proper subset of I which is an associative 
subring under the operations of R. 

For all i e I and j e J we have either ij or ji is in J. If I is simultaneously a SNA- 
right ideal and SNA-left ideal then we say I is a SNA-ideal ofR. 
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Theorem 2.2.13: Let R be a non-associative ring. If R has a SNA-ideal then R is a 
SNA-ring. 

Proof. Straightforward by the very definition of SNA-ideal. Another interesting 
result is that in general a SNA-ideal need not be an ideal. 

In view of this we have the following. 

Theorem 2.2.14: Let R be any non-associative ring. I be a SNA-ideal of R then I in 
general need not be an ideal of R. 

Proof. By an example, we can prove; the task of which is left for the reader. 

Definition 2.2.11: Let R be a NA ring we say R is a Smarandache NA Moufang 
ring (SNA-Moufang ring) if R contains a subring S where S is a SNA-subring and for 
allx, y, z in S we have (x.y).(z.x) = (x.(y.zf).x that is the Moufang identity is true in S. 

It is to be noted that we do not demand the whole of R to satisfy Moufang identity. It 
is sufficient if a S-subring of R satisfies the identity, that is enough for the ring to be 
a SNA-Moufang ring. 

Definition 2.2.12: Let R be a non-associative ring, R is said to be a Bol ring ifR 
satisfies the Bol identity ( (x*y) * z) * y = x * ((y * z) * y) for all x, y, z e R. 

We now define the condition for it to be a SNA-Bol ring. 

Definition 2.2.13: Let R be a non-associative ring, R is said to be SNA-Bol ring ifR 
contains a subring S such that S is a SNA-subring of R and we have the Bol identity 
to be true for all x, y, z e S a R. 

In view of this we have the following theorem: 

Theorem 2.2.15: Let R be a non-associative ring which is a Bol ring. Then R is a 
SNA-Bol ring. 

Proof. Direct by the very definitions. 

Theorem 2.2.16: Let R be a non-associative ring which is a SNA-Bol ring then R 
need not be a Bol ring. 

Proof. The reader is requested to construct an example to prove this theorem. 

Definition 2.2.14: Let R be any non-associative ring. R is said to be a right 
alternative ring if (xy) y = x (yy) for all x, y e R similarly left alternative if (xx) y = x 
(xy) for all x, y e R. Finally R is an alternative ring if it is simultaneously both right 
alternative and left alternative. 

Example 2.2.5 : Let Z be the ring of integers. L be a loop given by the following 
table: 
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e 


gl 


g2 


g3 


g4 


gs 


e 


e 


gl 


g2 


g3 


g4 


gs 


gi 


gi 


e 


g3 


gs 


g2 


g4 


g2 


g2 


gs 


e 


g4 


gl 


g3 


g3 


g3 


g4 


gi 


e 


gs 


g2 


g4 


g4 


g3 


gs 


g2 


e 


gl 


g5 


gS 


g2 


g4 


gi 


g3 


e 



Clearly it can be easily verified that the loop ring ZL is a right alternative ring. 

Definition 2.2.15: Let R be a ring; R is said to be a SNA-right alternative ring ifR 
has a subring S such that S is a SNA-subring of R and S is a right alternative ring 
that is (xy) y = x (yy) is true for all x, y e S. Similarly we can define SNA-left 
alternative ring. If R is simultaneously both SNA-right alternative and SNA-left 
alternative ring then we say R is a SNA-alternative ring. 

Definition 2.2.16: Let R be a non-associative ring. R is said to be a SNA- 
commutative ring if R has a proper subset S (S a R) such that S is a commutative 
associative ring with respect to the operations ofR. 

Definition 2.2.11 .Let (R, +, .) and (Rj, +, .) be any two SNA-rings. A map <|) : R to 
Ri is a Smarandache NA-ring homomorphism (SNA-ring homomorphism) if <j> : A -» 
A / is a ring homomorphism where A ci? and Aj czRj are just associative subrings of 
R and R /, respectively. Clearly Ker <|) is an ideal of A and never an S-ideal of R. In 
fact Ker (j) may not be even an ideal of R. 

Definition 2.2.18: Let R be a SNA-ring if R has no SNA-ideals then we say R is 
SNA-simple ring. 

We define SNA-quotient ring for a given ring R and an SNA-ideal I; R / I is a 
Quotient ring as in the case of rings. One is not in a position to say whether the SNA- 
quotient rings of a SNA-maximal ideal is simple? The answer to this question is little 
complicated as we have the very definition of SNA-ideals only relative to SNA- 
subrings and not relative to the whole ring R. So one may presume that the quotient 
ring may have SNA-ideals relative to some other SNA-subrings. 

Thus when we say the ring R is SNA-simple it is assumed the ring has no SNA- 
ideals related to any of the SNA-subrings. One may be wanting to know the concept 
of Smarandache maximal and SNA-minimal ideals. For the sake of helping the 
reader we define explicitly these types of ideals. 

Definition 2.2.19: Let R be a ring. S a SNA-subring of R. We say an SNA-ideal I a 
S is maximal if we have an SNA-ideal, K relative to S such that I czKczS then either 
I = K of K = S similarly an ideal .J a S is minimal if we have another ideal L a S 
such that L a J then L = (0) or L = J. 
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Unlike in the case of minimal and maximal ideals we see in case of SNA-ideals the 
maximality or the minimality is only a relative concept for it follows by the very 
definition of them. Similarly we say a SNA-ideal is principal if it is generated by a 
single element. We say a SNA-ideal J of S, S a SNA-subring of R is prime if xy e J 
then x or y is in J. 

Problems: 

1. Let L = {mi = e, m2, ..., m n } be a finite loop with m; 2 = e for all m; e L. Z2 
be the field of characteristic 2 and Z2L be the loop ring. If a e Z2 L is an 
idempotent of Z2L prove 

a. |supp a| is an even number and e g supp a (e the identity element of 
L). 

b. |supp a| is an odd number and e e supp a. 

c. If L is commutative then Z2 L has only trivial idempotents. 

2. Let L be a loop given by the following table L7 (4). 





e 


1 


2 


3 


4 


5 


6 


7 


e 


e 


1 


2 


3 


4 


5 


6 


7 


1 


1 


e 


5 


2 


6 


3 


7 


4 


2 


2 


5 


e 


6 


3 


7 


4 


1 


3 


3 


2 


6 


e 


7 


4 


1 


5 


4 


4 


6 


3 


7 


e 


1 


5 


2 


5 


5 


3 


7 


4 


1 


e 


2 


6 


6 


6 


7 


4 


1 


5 


2 


e 


3 


7 


7 


4 


1 


5 


2 


6 


3 


e 



Does Z 2 L 7 (4) have idempotents other than 1 and 0? Justify your answer. 

3. Can Z 2 L 7 (4) given in problem 2 have nontrivial 

a. quasi regular elements? 

b. regular elements? 

c. right quasi regular elements which are not left quasi regular? 

4. Let Li 5 (8) be a loop and Z be the ring of integers. ZL 15 (8) be the loop ring of 
the loop Lj 5 (8) over Z. 

a. Can ZL15 (8) have idempotents? If so find them. 

b. Does ZLi5(8) have right quasi regular elements? 

c. Prove no non-zero idempotent element of ZL| 5 (8) can be right quasi 
regular. 

5. Let Z 3 = {0, 1, 2} be the prime field of characteristic 3 and L 9 (8) be the loop. 
Z 3 L 9 (8) be the loop ring of the loop L 9 (8) over Z 3 , find 
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a. W (Z 3 L 9 (8)). 

b. J(Z 3 L 9 (8)). 

6 . For the loop ring Z 3 L where L is given by the following table: 





e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


3 


5 


2 


4 


2 


2 


5 


e 


4 


1 


3 


3 


3 


4 


1 


e 


5 


2 


4 


4 


3 


5 


2 


e 


1 


5 


5 


2 


4 


1 


3 


e 



Find 



a. SNA-subrings of Z 3 L. 

b. SNA-ideals if any in Z 3 L. 

c. SNA-principal ideal if any. 

d. SNA-maximal / minimal ideal if any. 

7. Find for the loop ring ZL where the loop L is given in problem (6) and Z the 
ring of integers SNA-subrings which has no SNA-ideals related to them. 

8. Does there exists for loop ring ZyLn (5) and Z9L15 (8) maps <\> such that <j) is a 
SNA-homomorphism? Find Ker <j>i if <j>i : Z7 Ai — > Z9 A 2 where Ai = {e, 7} 
and A 2 = {e, 2} are subgroups of the loops L 13 (5) and L 15 (8) respectively. 
Can 4>i be an isomorphism? Justify your claim. 

9. Find the ideals of the loop ring Z 2 L 5 (3). 

a. Do the two sided ideals of Z7L5 ( 3 ) form a modular lattice? 

b. Find only the right ideals of Z?L 5 (3). What is its lattice structure? 

10. For the loops rings Z 4 L 9 (2) and Z 4 L 9 (8) find 

a. The set of right ideals and its lattice structure. 

b. The set of left ideals and their lattice structure. 

c. Two sided ideals and their lattice structure. 

11. Find for the loop rings Z 4 L 9 (2) and Z 4 L 9 (8), J (Z 4 L9(2)) and J (Z 4 L 9 (8)). 

12. Find for the loop rings given in problem 1 1, W (Z 4 L 9 (2)) and W (Z 4 L 9 (8)). 



2.3 Smarandache Elements in Loop Rings 

In this section we define the concept of Smarandache zero divisors, Smarandache 
nilpotents, Smarandache idempotents, Smarandache units, Smarandache normal 
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elements, Smarandache semi-idempotents and Smarandache quasi-regular elements 
in NA-rings. Since the concept of these Smarandache elements do not in any way 
demand the NA-ring to be SNA-ring we proceed on to introduce these notions in any 
NA-rings. 

Definition 2.3.1: Let R be a NA-ring with unit. We say x e R \{1} is a Smarandache 
unit (S-unit) in R if there exist ay e R with xy = 1. 

There exist a, b e R\ {x, y, 1} such that 

a. xa = y or ax = y. 

b. yb = x or by = x and 

c. ab = 1. 

Theorem 2.3.1: Let Rbe a NA ring. Ifx is a SNA-unit then x is a unit. 

Proof. Direct from the very definition. 

It is left for the reader to construct an example of a unit which is not a SNA-unit. 

Theorem 2.3.2: Let Rbe a NA-ring. All units in R in general need not be SNA-units 
ofR. 

Proof. To prove this theorem we construct the following example. Let Z 4 = {0, 1, 2, 
3} be the ring of integers modulo 4. Let L be a loop given by the following table: 





e 


gl 


g2 


g3 


g4 


gs 


e 


e 


gl 


g2 


g3 


g4 


gs 


gi 


gi 


e 


g3 


gs 


g2 


g4 


g2 


g2 


gs 


e 


g4 


gl 


g3 


g3 


g3 


g4 


gi 


e 


gs 


g2 


g4 


g4 


g3 


gs 


g2 


e 


gl 


g5 


g5 


g2 


g4 


gi 


g3 


e 



Let us take the loop ring Z 4 L identifying 1 with e we assume 1 e Z 4 L. a = 1 + 2gi e 
Z 4 L (1 + 2gi ) 2 = 1 is a unit in Z 4 L but it is not a S-unit of Z 4 L Thus every unit in 
general is not a S-unit. 

Definition 2.3.2: Let R be a non-associative ring. An element a e R 1 {0} is called a 
Smarandache idempotent (S-idempotent) ofR if a 2 = a. There exists b e R\ {a} such 
that 



a. b 2 = a. 

b. ab = b or ba = (ba = a) (ab = a), 
'or' in the mutually exclusive sense. 
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Theorem 2.3.3: Let R be a non-associative ring. Ifx e R is a S-idempotent then it is 
an idempotent ofR. 

Proof. Straightforward by the very definition. 

To find the converse we study and analyze the following example: 

Example 2.3.1: Let Z 5 = {0, 1, 2, 3, 4} be the prime field of characteristic 5. Let 
L 5 (3) be the loop given by the following table: 





e 


gl 


g2 


g3 


g4 


gs 


e 


e 


gl 


g2 


g3 


g4 


gs 


gi 


gi 


e 


g4 


g2 


gs 


g3 


g2 


g2 


g4 


e 


gs 


g3 


gl 


g3 


g3 


g2 


gs 


e 


gl 


g4 


g4 


g4 


gs 


g3 


gi 


e 


g2 


g5 


gs 


g3 


gi 


g4 


g2 


e 



Consider a = 1 + gi + g 2 + g 3 + g 4 + gs in Z 5 L 5 (3). Clearly a 2 = a. Thus a is an 
idempotent. Take p = 3 + 3g x , p 2 = (3 + 3gi) 2 = 3 + 3gi. (3 + 3gi) (1 + gj + g 2 + g 3 + 
g 4 + gs) = 1 + gi + g 2 + g 3 + g 4 + gs Take X = 4 + 4gi + 4g 2 + 4g 3 + 4g 4 + 4g 5 . 

X 2 = a, further Xa = X. Thus a is a S-idempotent but X is not an idempotent. P = 3 
+ 3gi, take Y = 2 + 2gi we have Y 2 = 3 + 3gi, PY = Y. 



Thus P is a S-idempotent. Hence this example shows us the existence of 
idempotents, which are S-idempotent in a NA-ring. Now we give a nice theorem for 
the existence of S-idempotents in case of loop rings Z p L n (m) for some suitable n. 



Theorem 2.3.4: Let Z p = {0, 1, 2, p-1} be the prime field of characteristic p (p > 

2). L n (m) be the loop where we choose n = p. Then a = (1 + gi + ... + g p ) and 



P = 



' p + 1 



p + 1 
2 









gi e L p (m) are S-idempotents of the loop ring ZpL p (m) for any loop L p (m) e L p . 

Proof: Let a = (1 + gi + . . . + g p ) be in ZpL p (m), clearly a 2 = a, so a is an idempotent 
in ZpLpfm). Take X = (p - 1) + (p - l)gi + . . . + (p - l)g p . Clearly X 2 = a and Xa = 
X. Hence a is a S-idempotent take 



gi e Lp(m). Easily checked p 2 = P so P is an idempotent in Z p L p (m). Consider 
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PY = Y. Thus elements of the form a and P in ZpL p (m) are S-idempotents. 

Definition 2 . 3 . 3 : Let R be a NA ring. A element a e R \ {0} is said to be a 
Smarandache zero divisor (S-zero divisor) if a.b = 0 for some b =£ 0 in R, and there 
exists x, y e R 1 {0, a, b} x y; such that 

a. a.x = 0 or x.a = 0. 

b. b.y = 0 ory.b = 0. 

c. x.y^O ory.x^O. 

Theorem 2 . 3 . 5 : Let R be a NA-ring. If x e R \ {0} is a S-zero divisor then x is a zero 
divisor in R. 

Proof. Direct by the very definition of S-zero divisors. Now it may happen that a S- 
zero divisor may satisfy all the three conditions a, b, c still it may behave in an 
entirely different way. 

We define Smarandache pseudo zero divisors. 

Definition 2 . 3 . 4 : Let R be a NA-ring Let x e R 1 {0} be a zero divisor in R. i.e., 
there exists y e R \ JO/ with x.y = 0. We say x is a Smarandache pseudo zero divisor 
(S-pseudo zero divisor) if their exist a e R\ {x,y, 0} with 

a.y = 0 or a.x = 0. 
a 2 = 0. 

Theorem 2 . 3 . 6 : Let R be a NA-ring. If x e R is a S-pseudo zero divisor of R then x 
is a zero divisor of R. 

Proof. Follows from the fact that if x is a S-pseudo divisor then it is a zero divisor. 

We illustrate them with examples. 

Example 2.3.2: Let Z 2 = {0, 1} be the prime field of characteristic two. L 5 (3) be the 
loop given by the following table: 





e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 


5 


1 


1 


e 


4 


2 


5 


3 


2 


2 


4 


e 


5 


3 


1 


3 


3 


2 


5 


e 


1 


4 


4 


4 


5 


3 


1 


e 


2 


5 


5 


3 


1 


4 


2 


e 



33 




We shall denote i by g; and e by 1. Let Z 2 L 5 (3) be the loop ring of the loop L 5 (3) 
over Z 2 . Clearly x = 1 + g x e Z 2 L 5 (3) is a zero divisor for y = 1 + g x + g 2 + g 3 + g 4 + 
gs is such that xy = 0 and a = 1 + g 2 is such that a.y = 0 with a 2 = 0 so x is a S-pseudo 
zero divisor and is not a S-zero divisor. It is an obvious zero divisor in Z 2 Ls (3). 

Theorem 2.3.7: Let R be a NA-ring a S-pseudo zero divisor in general is not a zero 
divisor. 

Proof. From the above example we see x = 1 + gi is a S-pseudo zero divisor and is 
not a S-zero divisor of Z 2 Ls (3). 

In view of this example we have a nice theorem which guarantees the existence of S- 
pseudo zero divisors in loop rings using the new class of loops. 

Theorem 2.3.8: Let Z 2 = {0, 1} be the prime field of characteristic two and L n (m) e 
L n be a loop in the class of loops. Then all elements of the form x = 1 + g t e Z 2 L n (m) 
where g, e L n (m) are S-pseudo zero divisors o/'ZjLfm). 

Proof. Given x = 1 + g ; e Z 2 L n (m), clearly for y = 1 + g x + . . . + g n we have xy = 0 so 
x is a zero divisor in Z 2 L n (m). Take a = (1 + gj), i ^ j with a.y = 0 and we have a 2 = 0. 
Hence x = 1 + g; is a S-pseudo zero divisor of Z 2 L n (m). 

We still modify by replacing Z 2 by Z m where m = 2p, p an odd prime; in this case we 
have the following results: 

Theorem 2.3.9: Let L„(m) e L n be a loop Z, be the ring of integers modulo t where t 
= 2p where p is an odd prime. Z,L n (m) is the loop ring, x = p + pg; e Z,L n (m) is a S- 
pseudo zero divisor for all gi e L„(m). 

Proof. Let x = p + pg ; e Z t L n (m), consider y = 1 + gi + . . . + g n ; we have x.y = 0. 
Take a = p + pgj (i ^ j) then ay = 0 with a 2 = 0, hence the claim. 

The following have been proved about zero divisor in case of power associative and 
diassociative loop algebras. 

Theorem [56]: Let K be a field, L a simply ordered loop. Then the loop algebra KL 
has no nontrivial zero-divisors. 

Proof. Left for the reader to refer [56]. 

Theorem [56]: Let K be a field, L a finite power associative or diassociative loop. 
Then the loop ring KL has nontrivial divisors of zero. 

Proof. KL be the loop algebra. Since L is a diassociative or a power associative loop 
we have a proper subgroup H; H c L. Now KH is a group algebra; since |H| <qc we 
have for g e H, g n = 1. 

Hence (1 - g) (1 + g + . . . + g n l ) = 0. a nontrivial divisor of zero. 
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In view of these we have the following theorem: 

Theorem 2.3.10: Let KL be a S-loop ring where L is a diassociative loop or a 
power associative loop of finite order. Then KL has divisors of zero. 

Proof. Obvious 

Does the loop ring KL have S-divisors of zero? 

We define Smarandache weak zero divisor in the following. 

Definition 2.3.5: Let R be a NA ring. An element x e R 1 {0} is a Smarandache 
weak zero divisor (S-weak zero divisor) if there exist a y e R \ {0, x} such that x.y = 
0 satisfying the following condition: 

There exists a, b e R\{x, y, 0} such that 

a. x = 0 orx.a = 0 

b. y = 0 ory.b 0 
x.y = 0 or y.x = 0 

Thus in case of S-weak divisor we have another pair of elements which is a zero 
divisor. 

Theorem 2.3.11: Let K be a field and L a diassociative finite loop or a power 
associative finite loop. The loop ring KL has S-weak divisors of zero. 

Proof. We have KL to be a S-loop ring. Also g e L is such that g n = 1 and geHcL 
where H is a group. 



(1 -g) (1 +g+ ... +g n l ) = 0 

Take a = 1 - g r , r =£ 0, r > 1 

(i - g r )(i +g+ ... + g n - 1 ) = o 

Let b = 3 + 3g + ... + 3g n_1 , then b(l - g) = 0. Now a.b = 0. Hence KL has S-weak 
divisors of zero. 

Theorem 2.3.12: A S-weak zero divisor of a loop ring in general is not a S-zero 
divisor but it is a zero divisor. 

Proof. Follows from the definition that S-weak zero divisor is a zero divisor. From 
theorem 2.3.1 1 it is clearly not a S-zero divisor only a S-weak zero divisor. 

It is natural to see that if an element is a zero divisor still it need not be S-weak zero 
divisor. The reader is advised to construct examples. 
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Definition 2.3.6: Let KL be a loop ring of a loop L over the field K, an element a e 
KL is called a normal element of KL if aKL = KLa. If every element in KL is a 
normal element then we say KL is a normal loop ring. 

Definition 2.3.7: Let KL be a loop ring. S be a proper subring of KL, we say S is a 
normal subring with respect to a subset T of KL if 

xS = Sx for all x e T 
x (yS) = (xy)S 

(Sx) y = S (xy) for all x, y e T. 

If in particular T = KL then we say the subring S is a normal subring ofKL. 

Theorem 2.3.13: Let C(L) be the center of the loop L and K any field, KL the loop 
ring of the loop L over K. KL has a normal subring. 

Proof. Obvious form the fact if C(L) is the center of L then KC(L) is a loop ring 
contained in KL which is a normal subring of KL. 

Theorem 2.3.14: Let L be a loop. S a normal subloop of L. K any field the loop ring 
KL has KS to be a normal subring. 

Proof. Follows from the fact KS c KL is such that KS is a normal subring, as S is a 
normal subloop of L. Hence the claim. 

Now we proceed on to define Smarandache normal subring in a non-associative ring. 

Definition 2.3.8: Let R be a NA-ring. Suppose A be a S-subring of R. We say an 
element x e R to be Smarandache normal element (S-normal element) if xA = Ax. If 
every x e R is such that xA = Ax we call R a Smarandache normal ring (S-normal 
ring) relative to A. Now it is pertinent to mention here that Smarandache normality 
is a relative concept, for relative to one S-subring A the ring R may be Smarandache 
normal and relative to some other S-subring B of R, the ring R may fail to be a 
Smarandache normal. 

Theorem 2.3.15: Let R be a S-ring which is normal. IfR has S-subring then R is S- 
normal. In fact R is S-normal with respect to every S-subring A of R. 

Proof. Follows by the very definition. 

Theorem 2.3.16: Let R be a NA-ring. IfR is a S-normal relative to a S-subring A of 
R then R need not in general be a normal ring. 

Proof. The reader is advised to obtain one such example. 

Thus we see S-normality of R in general need not imply normality of R or R is to be 
S-normal relative to every S-subring of R. 
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Definition 2.3.9: Let R be a ring, if for every S-subring A of R is Smarandache 
normal relative to A then we call the ring R to be Smarandache strongly normal ring 
(S-strongly normal ring). 

Theorem 2.3.17: If R is a S-strongly normal ring then R is a S-normal ring and if R 
is a S-normal ring then R need not in general be a S-strongly normal ring. 

Proof. This is left as an exercise for the reader to prove. 

We now proceed on to define the concept of strictly right loop ring and then we will 
generalize it to the notion of Smarandache strictly right loop ring. 

Definition 2.3.10: Let R be a non-associative ring. R is said to be a strictly right 
ring if the set of all right ideals ofR is ordered by inclusion. If all ideals are included 
by inclusion we call them as strictly ideal rings. 

Definition 2.3.11: Let R be a non-associative ring. If the set of all S-right ideals of 
R are ordered by inclusion then we call R a Smarandache strongly right ideal ring 
(S-strongly right ideal ring). In particular if all S-ideals of R are ordered by 
inclusion then we call the ring R to be a Smarandache strongly ideal ring (S-strongly 
ideal ring). 

We do not have any form of relations existing between them but we have several 
problems in this direction suggested in the last chapter. 

Theorem 2.3.18: Let R be a S-strictly right ideal ring then R is a S-ring. 

Proof. Obvious by the very definition of these concepts. 

Example 2.3.3 : Let Z 2 = {0, 1} be the prime field of characteristic and let L be a 
loop given by the following table: 





e 


1 


2 


3 


4 


5 


e 


e 


1 


2 


3 


4 
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1 


1 


e 


3 


5 


2 


4 


2 


2 


5 


e 


4 


1 


3 


3 


3 


4 


1 


e 


5 


2 


4 


4 


3 


5 


2 


e 


1 


5 


5 


2 


4 


1 


3 


e 



Z 2 L be the loop ring of the loop L over the ring Z 2 . It is left for the reader to find all 
the S-right ideals of Z 2 L, right ideals of Z 2 L and ideals and S-ideals of Z 2 L. 

The meagerly used concept is the notion of semi-idempotents introduced by [30], 

Definition [30]: Let R be a ring. An element a =£ 0 in R is said to be a semi- 
idempotent if and only if a is not in the two sided ideal ofR generated by a 2 - a, that 
is a <£ R (a 2 - a) R or R (a 2 - a) R = R, where by R (a 2 - a) R we mean the two 
sided ideal of R generated by a 2 - a. So R (or - a) R just denotes the ideal 
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generated by a 2 - a. We shall denote the set of all semi-idempotents of a ring R by SI 

(R)- 

Example 2.3.4\ Let K be any field of characteristic 0. L be a loop given by the table. 





1 


a 


b 


c 


d 


e 


1 


1 


a 


b 


c 


d 


e 


a 


a 


1 


d 


b 


e 


c 


b 


b 


d 


1 


e 


c 


a 


c 


c 


b 


e 


1 


a 


d 


d 


d 


e 


c 


a 


1 


b 


e 


e 


c 


a 


d 


b 


1 



The loop ring KL has 



3 + a 3 + b 3 + c 3 + d ,3 + e 

, , , and 

2 2 2 2 2 

as some of its nontrivial idempotents in it. 

Theorem 2.3.19: Let KL be the loop ring of any loop L over the field K. If a W 0) is 
a semi-idempotent but not a unit in KL, then a - 1 is not a unit of KL. 

Proof. Suppose a - 1 be unit in KL. Then there is an element (3 of KL such that (a - 
1) P = 1. Thus we would have a = (a 2 - a) P e (a 2 - a) KL, but (a 2 - a) KL =£ KL 
because a is a semi-idempotent, hence a(a - 1) = a 2 - a is not a unit hence the 
result. 

Now we define Smarandache semi-idempotents. 

Definition 2.3.12: Let R be a NA-ring. An element a e R which is a semi- 
idempotent is called a Smarandache semi-idempotent (S-semi-idempotent) if in R if 
the S-ideal generated by of - a does not contain a. We denote the collection of S- 
semi-idempotents in R by SSI (R). 

Theorem 2.3.20: Let R be a NA ring if a is a S-semi-idempotent then a is a semi- 
idempotent ofR. 

Proof. Direct by the very definition of S-semi-idempotents. 

The proof of the following theorem is left as an exercise for the reader to prove. 

Theorem 2.3.21: Let R be a ring. If 0 ^ a e R is a semi-idempotent then a in 
general need not be a S-semi-idempotent. 

Clearly if R is not a S-ring then it is impossible for the element O^aeR which is a 
semi-idempotent; to be a S-semi-idempotent. Now we proceed on to define 
Smarandache quasi-regular elements in a loop ring. 
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Definition 2.3.13: Let R be a non-associative ring. We say an element x e R is 
called a Smarandache right quasi regular (S-right quasi regular) if there exists y and 
z in R such that 



x oy = x + y-xy = 0 
and xoz=x + z-xz = 0 

but yoz=y + z-yz^0 

and zoy=z+y-zyl=0. 

Similarly we define Smarandache left quasi regular elements (S-left quasi regular 
elements), x will be called Smarandache quasi regular (S-quasi regular) if it is 
simultaneously S-left quasi regular and S-right quasi regular. 

Theorem 2.3.22: Let R be a NA-ring, fix e R is S-right (left) quasi regular then x is 
right (left) quasi regular. 

Proof. Follows from the very definitions of these concepts. 

Theorem 2.3.23: Let R be a non-associative ring. If x e R is right quasi regular 
then x need not in general be S-right quasi regular. 

Proof. Let Z 2 = {0, 1} prime field of characteristic two, L loop given by the 
following table: 




Z?L be the loop ring. We have x = e + a + b + ce Z 2 L is right quasi regular for x o (a 
+ b) = 0forxo(a + b) = e + a + b + c + a + b- a- e- d- b- b- c- a- d = 0. 

It is easily verified that x is not S-right quasi regular. 

Definition 2.3.14: Let R be a NA-ring. We say a S (left) right ideal is Smarandache 
right (left) quasi regular (S- right (left) quasi regular) if each of its elements are S- 
right (left) quasi regular. The Smarandache Jacobson radical (S- Jacobson radical) 
[SJ(R)J of a ring R is defined as follows: SJ(R) = (a e R / aR is a S-quasi regular 
ideal ofR}. 

Problems: 

1 . Find the units in Z 6 L 5 (2) which are SNA-units. 

2. Find all quasi regular elements in Z 6 L 5 (2) which are S-quasi regular. 

3. Find all S-units in Z^L^). 
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4. Find those idempotents in which are S-idempotents. 

5. Find SJ (Z 3 (L 5 (3)). 

6. Find all S-quasi regular elements of Z 7 Lv(3). 

7. Can ZL9(8) have S-right quasi regular elements which are not S-left quasi 
regular elements? 

8. Find all quasi regular elements of Z 6 L 5 (3) which are not S-quasi regular 
elements. 

9. Find all S-semi-idempotents of Z 7 L<)(8). 

10. Determine SSI (ZL 5 (3)) and SI (ZL 5 (3)). Do these sets form any proper 
algebraic structures? 

11. Is the loop ring Zffl) a strictly right ring? 

12. Find all the S-ideals of Zi2Ls(3). 



2.4 Smarandache substructures in loop rings 

In this section we study the substructure properties like Marot loop rings, mod p- 
envelope of a loop ring, orthogonal ideals, strongly commutative loop ring, inner 
commutative loop ring, pseudo commutative loop rings and the lattice of 
substructures of loop rings like ideals, subrings, and their Smarandache analogue. 
Several interesting results are proved and we see in loop rings several concepts are 
not fully analyzed. So these Smarandache analogue is still in a dormant state. Thus in 
this section we introduce several new concepts to loop rings. 

The concept of Marot loops rings was introduced and studied in [63]. Here we just 
recall the concepts and define Smarandache Marot loop rings. 

Definition [63]: A commutative loop ring RL with identity is a Marot loop ring if 
each regular ideal of RL is generated by a regular element ofRL, where by a regular 
element ofRL we mean a non-zero divisor ofRL. 

Theorem [63]: Let F be a field. L be the commutative ordered loop without 
elements of finite order. Then the loop ring FL is a Marot loop ring. 

Proof. Since F is a field and L is a loop which is ordered and has no elements of 
finite order we see the loop ring FL has no zero divisors; hence every element is 
regular so all ideals in FL will be generated only regular elements. Thus FL is a 
Marot ring. 

In view of this result we have the following theorem that is left as an exercise for the 
reader to prove. 

Theorem [63]: Let F be a field. FL is a Marot loop ring without divisors of zero if 
and only if L is a commutative ordered loop without elements of finite order. 

Theorem [63]: If R is a Marot ring and L is a commutative loop; then the loop ring 
RL is a Marot ring. 
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Proof. RL is a commutative loop ring as both R and L are commutative. To prove 
RL is a Marot ring we need to show every regular ideal generated by regular 
elements of RL. To prove this we shall prove. 



a. If a regular ideal I is generated by a regular element of I then I has no proper 
divisors of zero. 

b. If a regular ideal I is generated by a divisor of zero than I cannot contain 
regular elements. 



Proof of (a): Let I be generated by a regular element a. Let P ^ 0 in I be such that Py 
= 0 (y # 0). Now P = f^a5 ; ,Py = 0 = (^ab;) y = whether associative or 



V i J i 

not we see a.X8;y = 0, a contradiction to our assumption as a is a regular element of 
I. Hence I cannot contain divisors of zero. 



Proof of (b)\ Let I be generated by a divisor of zero say P, (P ^ 0, y =£ 0) with Py = 0. 
Let a g I be a regular element off a = Xp5 i; ay = (ipS^y = y(Xp5;) = yP(X5;) = 0 . 
That is ay = 0 a contradiction, so a £ I. Hence the theorem. 

Definition 2.4.1: Let R be a NA ring. We say R is a Smarandache weak Marot ring 
(S-weak Marot ring) if R has a commutative S-subring A such that all S-ideals 
associated with A are regular. We say R is a Smarandache Marot ring (S-marot 
ring) if for every S-subring A of R is commutative; we have all S-ideals associated 
with every S-subring A are regular. 

Theorem 2.4.1: If R is a S-Marot ring then R is a S-weak Marot ring. 

Proof. Direct by the very definition of these concepts. 

We leave the following theorems as an exercise for the reader to prove. 

Theorem 2.4.2: Every S-weak Marot ring in general need not be a S-Marot ring. 

Theorem 2.4.3: Let R be a S-Marot ring then R need not in general be a Marot 
ring. 

To prove the two theorems the reader is advised to construct examples. It is also to 
be noted even if R is not a commutative ring still R can be a S-Marot ring or S-weak 
Marot ring. 

The concept of mod-p-envelope of G was studied in [38], The structure of mod-p- 
envelope was studied in case of loop in [62], It is proved in [62] the mod-p-envelope 
of a loop was only a groupoid. 

Definition 2.4.2: Let L be a loop and K be any field. We say L* = 1 + U where U = 
/a = I a, nij e KL / Xa i — 0} is the mod p envelope of L. 

We study L* in our own way analogous to mod p-envelope of a group G. 
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Example 2.4.1: Let L be a loop given by the table below and K = {0, 1} be a field of 
characteristic two. Then L*, the mod p-envelope of L is a groupoid with (1 + a + b + 
c + d) 2 = ( 1 + b + a + c + d) and the number of elements in L* is equal to 1 6. 



* 


1 


a 


b 


c 


d 


1 


1 


a 


b 


c 


d 


a 


a 


d 


c 


1 


b 


b 


b 


1 


d 


a 


c 


c 


c 


b 


1 


d 


a 


d 


d 


c 


a 


b 


1 



KL is the loop ring of L over K. U = {0, 1 + a, 1 + b, 1 + c, 1 + d, a + b, a + c, a + d, 
b + c, b + d, c + d, 1+a + b + c, 1 + a + b + d, 1+a + c + d, 1+b + c + d, a + b + c 
+ d}. Let L*=l+U;a=l+a + b + c + deL* with a 2 = a and 1 e L*, thus L* is a 
groupoid with 16 elements in it. 

Theorem [72]: Let L be a commutative finite loop of order 2n in which the square 
of every element is one and let K = {0, 1} be the prime field of characteristic two. 
Then L* is a loop which is commutative such that square of each element is 1 and 
order of L* is 2 2n ~ 1 . 

Proof: Let L = {ai = 1, a 2 , ..., a 2n / a; 2 = 1, a; aj = aj a ; ; i, j = 1, 2, ..., 2n}. Now U = 
{0, 1 + a 2 , . . ., a 2n _! + a 2n , . . ., sum of 2n elements taken at a time}. Now L* = 1 + U, 
so |L*| = 2 2n ~ \ Clearly L* is a commutative loop as L is a commutative loop. So is L* 
using the fact a; 2 = 1 for i = 1, 2, ..., 2n and characteristic of K is 2. 

Theorem 2.4.4: Let L be a loop of order 2n + 1 commutative or otherwise; K = {0, 
1} be the prime field of characteristic two. L* is a groupoid of order 2 Z " with a 
nontrivial idempotent in it. 

Proof: The proof is left as an exercise for the reader to prove. 

Theorem 2.4.5: Let L be a finite loop with an element x e L such that x = 1. Let Z p 
= {0, 1, 2, ..., p - 1} be a prime field of characteristic p, p > 2. Then L* is a groupoid 
with a nontrivial idempotent in it and the order of L* is p"' 1 where \L\ = n. 

Proof: Straightforward, hence left for the reader as an exercise. 

Theorem 2.4.6: Let L be a loop of order p + 1 and K = Z p = {0, 1, 2, ..., p - 1} 
prime field of characteristic p. Then L* is a groupoid with a nontrivial idempotent in 
it. 

Proof: Left as an exercise for the reader to prove. 

Now we proceed on to define Smarandache mod p-envelope of a loop. 
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Definition 2.4.3: Let L be a S-loop and K any field , KL the loop ring of K over the 
loop L. The Smarandache mod p-envelope of L (S-mod p-envelope of L) is the mod p 
envelope of the S-subloop A of L denoted by S(L*). Thus unlike in the case of loops 
where the mod p envelope is unique, in case of S-mod p-envelope of a loop we may 
have several S-mod p-envelope depending on the number of S-subloops in L. IfL has 
no S-subloop and even if L is a S-loop still the S-mod p envelope of L will only the 
empty set. 

Thus it is an interesting research problem to find the number of S-mod p-envelopes 
associated with a loop L. 

Theorem 2.4.7: Let L be a loop having no S-subloops or L is not a S-loop and K 
any field. Then S (L*) = <j>. 

Proof. Straightforward from the very definition of S (L*). 

Theorem 2.4.8: Let L n (m) e L n where n is a prime. K any field, S (if) = (j). 

Proof. Clearly L n (m) e L n when n is a prime is a S-loop; but L n (m) has no proper S- 
subloop, hence S ((L n (m))* = (j). 

Now we study the loop rings when the loops are unique product or two unique 
product loops. 

Definition 2.4.4: A loop L is called a two unique product loop (t.u.p loop), if given 
any two non-empty finite subsets A and B of L with \A\ + |5| > 2, there exists atleast 
two distinct elements x and y of L that have unique representation in the form x = ab, 
y = cd with a, c e A and b, d e B. A loop L is called a unique product loop (u.p. 
loop) if, when A and B are non-empty finite subsets of L, then there always exists 
atleast one x e L which has unique representation in the form x = ab with a € A and 
b eB. 

[52] proved in case of groups t.u.p and u.p are equivalent for groups. In case of loops 
it an open question. 

Theorem 2.4.9: Let R be any ring with identity > and L be a t.u.p. power associative 
or diassociative loop. Then the following are equivalent. 

i. U (KS) = {Z a g g / there exists a |f, e R with I a g (If 7 = 1 and a,, P /, = 0 
whenever gh ^ 1 }, where S is the subgroup generated by single element or a 
pair of elements. 

ii. R has no nonzero nilpotent element. 

Proof. To prove (i) implies (ii) follows from the fact that if R has nilpotent elements 
say y e R then 1 + yg is a unit in RS. For if y n = 0 then 

(1 + yg) (1 - yg + y 2 g 2 - y 3 g 3 + . . . ± f A g n_1 ) = 1 - yg + y 2 g 2 - . . . ± y 11 " 1 g n_1 + yg - 
y 2 g 2 + . . . ± y 11 " 1 g n l ± y n g n = 1 as y n = 0 and all other terms cancel out. To show (ii) 
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implies (i) the result follows from the fact if R has non-zero nilpotents and p, q e RL 
where L is a t.u.p loop. If pq = 1 , where p = S a g g and q = X Ph h then a g Ph = 0 
when gh ^ 0 with some factors using t.u.p we get the result. Hence the claim. 

Definition 2.4.5: Let L be a loop. We say L is a Smarandache unique product loop 
(S.u.p loop) if there exists a S-subloop A of L such that A is a u.p loop. We call the 
loop L a Smarandache strongly u.p loop (S-strongly u.p. loop) if every S-subloop A of 
L is a u.p subloop of L. 

Definition 2.4.6: Let L be a loop; L is said to be Smarandache t.u.p loop (S-t.u.p 
loop) if L has a S-subloop A such that A is a t.u.p subloop of L. If every S-subloop of 
L is a t.u.p loop then we say L is a Smarandache strong t.u.p (S-strong t.u.p) loop. 

Theorem 2.4.10: IfL is a S-u.p loop or S.t.u.p loop then L is a S-loop. 

Proof. Obvious by the very definitions. 

Theorem 2.4.11: Let L be a S-loop which is a u.p loop or a t.u.p loop IfL has no S- 
subloops then L is not a S.u.p loop or a S.t.u.p loop. 

Proof. It is left as an exercise for the reader to prove. 

Theorem 2.4.12: Let L p (m) e L p , if p is a prime; no L p (m) is a S.u.p loop or a S.t.u.p 
loop. 

Proof. Follows from the fact if p is a prime then L p (m) has no S-subloop. So L p (m) 
is not a S.t.u.p loop or a S.u.p loop. 

A loop L is Hamiltonian if every subloop is normal. In view of this we define 
Smarandache Hamiltonian loop as follows: 

Definition 2.4.7: Let L be a loop if every S-subloop of L is normal then we say L is 
a Smarandache Hamiltonian loop (S-Hamiltonian loop). 

Theorem 2.4.13: Let L be a finite diassociative Hamiltonian loop which is the 
direct product of A x T x H where A is an abelian group with elements of finite 
order, T an abelian group of exponen t 2 and H satisfies (x, y, z) = 1 and K any field. 
The loop algebra KL is a direct sum of irreducible KA-modules, KT-modules and 
KH-modules. 

Proof. Since L is a finite diassociative Hamiltonian loop. KA, KT and KH are group 
algebras of finite groups A, T and H respectively. By Maschke’s theorem KA is a 
direct sum of irreducible KA-modules, KT is the direct sum of irreducible KT- 
modules and KH is the direct sum of irreducible KH modules. Hence KL is a direct 
sum of irreducible KA, KT and KH-modules. Hence the theorem. 

Definition 2.4.8: Let RL be the loop ring of the loop L over the ring R. Two non- 
zero ideals J and I ofRL are orthogonal if I.J = jij = 0 for all i e I and j e J}. An 
ideal I of RL is self orthogonal if I.I = (0). 
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Example 2.4.2: Let Z 2 = {0, 1} be the prime field of characteristic two and L be the 
loop given by the following table: 
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b 


d 


f 


b 
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1 



Consider the loop ring Z 2 L. Take two ideals given by I = {0, 1 + a + b + c + d + e + 
f + g} and J = {0, a = X m; / m; e L} such that the sum of the coefficients of m; in 
the sum a is zero which are clearly nontrivial and are such that I.J = {0}. Thus I and 
J are orthogonal ideals of Z 2 L. It is easily verified that I.I = {0}. 

Example 2.4.3: Let Z 2 = {0, 1} be the prime field of characteristic two and L be the 
loop given by the following table: 
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b 


a 



Z?L be the loop ring of the loop L over Z 2 . 

Consider the ideals 

I = {0, 1+a, b + c, b + d, c + d, a + b + c+ l,l+a + b + d, 1 + a + d + c} and 
J = {0, 1+b, a + d, c + d, a + c, 1+a + b + d, 1+b + c + d, 1+b + c + d, 1+b + a 
+ c}, K = {ideal generated by I and J}. It is easily verified that I.J =£ {0}, J.K =£ {0} 
and I.K * {0}. 

Theorem 2.4.14: Let Z 2 = {0, 1} be the prime field of characteristic two and L be a 
finite loop of even order. Then the loop ring Z 2 L contains non-zero orthogonal 
ideals. 

Proof: Since |L| = 2n, we have I = {0, 1 + m 2 + . . . + m n } and J = {a = S a; m; / X a; 
= 0 and in; e L} clearly I and J are orthogonal ideals. 
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Theorem 2.4.15: Let L be a loop of odd order and Z 2 = {0, 1} be the prime field of 
characteristic two, then the loop ring Z 2 L need not in general contain orthogonal 
ideals. 

Proof Left for the reader to prove. 

Theorem 2.4.16: Let L be a loop of order n with p/n and Z p be the odd prime field 
of characteristic p. Then the loop ring ZpL has nontrivial orthogonal ideals. 

Proof: Let L = {1, m 2 , m n } and Z p = {0, 1,2, ..., p - 1}, p > 2 and p/n. Z P L the 
loop ring of the loop L over Z p . Consider the non-zero ideals given by I = {0, y (1 + 
m 2 + ... + m n ) / y = 1, 2, ..., p - 1} and J = {a = Sa; m; / £ a; = 0}; clearly I.J = {0}. 

Theorem 2.4.17: Let L = {1, m 2 , m p j and Z p = {0, 1, .... p - l}- ZpL the loop ring 
of the loop L over Z p . Clearly I = {0, y (1 + m 2 + ... + m p ) /y = 1,2, .... p - 1} is a 
non-zero ideal ofZ p L such that I 2 = {()}. 

The study of orthogonal ideals in loop rings in absent. So we have discussed to a 
possible extent the concept of orthogonal ideals. This notion will find its place in 
algebraic coding theory. Now we proceed on to define the concept of Smarandache 
orthogonal ideals. 

Definition 2.4.9: Let KL be a loop ring of a loop L over the ring K. Let I and J be 
two ideals of KL. I and J are said to be Smarandache orthogonal ideals (S- 
orthogonal ideals) if the following conditions are satisfied. 

i In I.J = {i, j / i e I and j e J} we have atleast a pair of elements i e I and j e 
J such that i =£ 0 and j ^ 0 with i.j = 0. 

ii Every one of the pairs in I.J which are such that i.j = 0 are S-zero divisors. 

Theorem 2.4.18: Let KL be the loop ring of the loop L over the ring K. If every pair 
of ideals are orthogonal; then also KL need not have Smarandache orthogonal 
ideals. 

Proof: To prove this it is enough if the reader can show a pair (x, y) e I x J. I and J 
ideals of KL with x e I \ {0} and y e J \ {0} with x.y = 0 and x.y is not a S-zero 
divisor. 

Theorem 2.4.19: Let KL be the loop ring of the loop L over the field K. IfKL has 
orthogonal ideals and no S-divisors of zero then KL has no S-orthogonal ideals. 

Proof: Left for the reader to prove. 

Now we proceed on to define a new concept called right commutatively and its 
Smarandache analogue in loop rings. 

Definition 2.4.10: Let RL be the loop ring of a loop L over the ring R with unity. If 
for every triple y, |], a e RL we have (afi) y or u/ff) = a (yf>) or (ay) p, then we call 
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the loop ring RL to be a strongly right commutative, i.e., for every triple a, p, y e RL 
we must have 



a. a (\\'{) = a (y\S) or (ay) p. 

b. (a\y y = (ay) P or a (yP). 

then we say RL is strongly right commutative. The term ‘or ’ in general is not used in 
the mutually exclusive sense. 

Theorem 2.4.20: Every strongly right commutative loop ring RL is commutative. 

Proof. Obvious from the fact for every triple a, p, y e RL we have a,p = Pa, ay = ya 
and Py = yP where one of a or P or y is assumed to be the unit of the loop ring RL. 
Hence every pair is commutative. 

Theorem 2.4.21: Let RL be a strongly right commutative loop ring of the loop L 
over a ring R. Then the loop L is commutative. 

Proof. Obvious from the fact RL is commutative so L c RL must also be 
commutative. 

Definition 2.4.11: On similar lines one can define strongly left commutative loop 
rings as (afi) y = (fia) y or P (ay) for every a, p, y e L. 

Definition 2.4.12: Let RL be the loop ring of the loop L over the ring R. If for every 
pair of elements a, |i e R there exists an element y e R \ (0, 1} such that y (a$) or 
(ya) = (yfija or y(Pq); then the loop ring RL is said to be right commutative. 

Remark : y(aP) = y(Pa) or (yP)a or (ya)P) = y(Pa) or (yP)a. Similarly one can define 
left commutative loop rings. 

Theorem 2.4.22: Let R be a commutative ring with unity and L a non-commutative 
loop. If the loop ring RL is a right commutative loop ring then RL has nontrivial 
divisors of zero. 

Proof. Follows from the fact y(aP) = y(Pa) (when y =£ 0 and y ^ 1), we have y(aP - 
Pa) = 0. Hence the claim. 

Theorem 2.4.23: Let RL be the loop ring of the loop L over the ring R. If L is a 
strongly right commutative ring then RL is a right commutative ring. 

Proof. Straightforward by the very definition. 

Theorem 2.4.24: Let RL be a right commutative loop ring having no zero divisors. 
Then RL is commutative. 

Proof: Follows from the fact y(aP) = y(Pa); y =£ 0, or 1 y(aP - ya) = 0. Since RL has 
no divisors of zero we have aP = Pa. 
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Theorem 2.4.25: Let RL be a right commutative loop ring then RL is a weakly right 
commutative ring. 

Proof. Straightforward. 

Definition 2.4.13: Let RL be the loop ring of the loop L over R. RL is said to be 
strictly right commutative if for every pair of elements a, P & RL we have a y e RL \ 
{0, 1} such that y(ufi) = y(\Vi) or (ya)\) = (yPpa. 

Theorem 2.4.26: Every strictly right commutative loop ring is right commutative. 
Proof. Straightforward by the definition. 

Definition 2.4.14: Let RL be the loop ring of the loop L over R. We say RL is a 
Smarandache strongly right commutative (S-strongly right commutative) if for every 
S-subringA of RL; for all a, P, y e A we must have 

o/Py) = afyP) or (ay)P or 
(aP>)y = ((iy)P> ora(yP) 

then we say RL is Smarandache strongly right commutative loop ring (S-strongly 
right commutative loop ring). 

The term ‘or’ in general is not used in the mutually exclusive sense. If in a loop ring 
RL we have atleast one S-subloop A which is strongly right commutative then we call 
the loop ringRL to be a Smarandache-right commutative (S-right commutative). 

Theorem 2.4.27: If the loop ring RL is S-strongly right commutative then RL is S- 
right commutative. 

Proof. Direct from the very definition. 

We proceed on to define inner commutative loops and its Smarandache analogue. 

Definition 2.4.15: Let RL be the loop ring of a loop L over R. We say the loop ring 
RL is inner commutative if every subring of RL is commutative. 

Theorem 2.4.28: Let R be a field or a commutative ring with 1. L p (m) e L p be a 
loop where p is an odd prime. The loop ring RL p (m) is inner commutative. 

Proof. Follows from the fact L p (m) has only subloops, which are subgroups of order 
2. Hence RL p (m) is inner commutative. 

Theorem 2.4.29: Let R be a field and L be an inner commutative loop. Then the 
loop ring RL is an inner commutative loop ring. 

Proof. Straightforward from the definitions. 

Theorem 2.4.30: Let RL be a commutative loop ring then RL is an inner 
commutative loop ring. 
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Proof. Follows from the very definitions. 



All loop rings which are inner commutative need not be commutative. In view of this 
we propose the following. 

Theorem 2.4.31: An inner commutative loop ring RL in general need not be 
commutative. 

Proof. By an example ZLn (9) be the loop ring of the loop Ln (9) over Z. Clearly 
ZLn(9) is an inner commutative loop ring which is not commutative. 

Now we proceed on to define Smarandache-analogues. 

Definition 2.4.16: Let RL be the loop ring of the loop L over R. We say RL is a 
Smarandache inner commutative loop ring (S-inner commutative loop ring) if every 
S-subloop of RL is commutative. 

Example 2.4.4\ Let ZLi 3 (5) be the loop ring of the loop L 13 (5) over Z. Z 13 (5) is a S- 
inner commutative loop ring. 

Definition 2.4.17: Let RL be the loop ring for ab = ba in RL if we have (aa)b = 
b(aa) (or = b(aa)) for all ae RL, then we say the pair a, b is pseudo commutative, 
[or a(ab) = (ba)a or b(aa)] i.e., (aa)b or a (ah) may be taken as the initial point, for 
both may or may not be equal. 

We call the loop ring to be a pseudo commutative loop if every pair a, b in L is 
pseudo commutative. 

Theorem 2.4.32: Let RL be a commutative loop ring then RL, is a pseudo 
commutative loop ring. 

Proof. Obvious by the very definition. 

Definition 2.4.18: Let RL be a loop ring. We say RL is a Smarandache pseudo 
commutative loop ring (S-pseudo commutative loop ring) if RL has atleast one S- 
subringA which is pseudo commutative. 

We say RL is Smarandache strongly pseudo commutative (S-strongly pseudo 
commutative) if every S-subring A or RL is pseudo commutative. 

Theorem 2.4.33: Let RL be a S-strongly pseudo commutative loop ring then RL is 
S-pseudo commutative. 

Proof. Straightforward by the very definition. 

Theorem 2.4.34: Let RL be a S-strongly pseudo commutative loop ring; then RL in 
general need not be a pseudo commutative loop ring. 
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Proof. Consider the loop ring Z 7 Li 9 (5). Clearly Z 7 Li 9 (5) is a S-strongly pseudo 
commutative loop ring. 

But Z 7 Li 9 (5) is not a commutative loop ring. Further Z 7 Li 9 (5) is not a pseudo 
commutative loop ring. 

Definition 2.4.19: Let RL be the loop ring of the loop L over the ring R. The pseudo 
commutator ofRL denoted by P (RL) = (jp e RL / a (a b) = p (ba) a; a, b, a e RL}); 
where ( ) denotes the subring generated by all p ’s. 

Now one of the natural question would be if L is a loop having P (L) to be the 
pseudo commutator; find the relation between P (RL) and R (P (L)). 

Definition 2.4.20: Let RL be a loop ring. The Smarandache pseudo commutator (S- 
pseudo commutator) subring of RL are defined and denoted by S (P (RL)) = ( Jp e 
RL / a fab) = p (bo.) a where a, b a e A; A a S-subring of RL}). The subring 
generated by p. We may have several or one S-pseudo commutator subring of RL 
depending on varying S-subrings A of RL. It may happen even for varying S-subrings 
A of RL we may have the same S (P (RL)). 

The reader is expected to find interesting and innovative results in this direction. The 
major feature about substructures of any algebraic structure is that how does the 
lattice of the collection of all substructures look like. 

For, in case of groups we see the normal subgroups forms a modular lattice the two- 
sided ideals of a ring form a modular lattice. 

Now we study what is the lattice structure of the following substructures. 

a. subrings of a loop ring. 

b. S-subrings of a loop rings. 

c. right (left) ideals of a loop ring. 

d. ideals of a loop ring. 

e. S-right (S-left) ideals of loop ring. 

f. S-ideals of a loop ring. 

In our opinion such study for loop rings has not been carried out. Some times the 
collection of the substructures may be a distributive or a modular lattice. 

The more important factor is sometimes the substructures may be a supermodular 
lattice, (we say a lattice L is super modular if for all x, y, z, a e L. We have (a ux) n 
(a u y) n (a u z) = a u {(x n y) n (a u z)} u {(x n z) n (a u y)} u {(y n z) n (a 
u x)} this will be called as the supermodular identity for simplicity of notation we 
replace ‘u’ by ‘+’ and ‘n’ by V; thus the identity reads as (a + x) (a + y) (a + z) = a 
+ (xy) (a + z) + xz (a + y) + yz (a + x) for all a, x, y, z in L) 

Example 2.4.5: Let Z 2 = {0, 1} be the prime field of characteristic two and L be a 
loop given by the following table: 
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1 


a 


b 


c 


d 


1 


1 


a 


b 


c 


d 


a 


a 


1 


c 


d 


b 


b 


b 


d 


a 


1 


c 


c 


c 


b 


d 


a 


1 


d 


d 


c 


1 


b 


a 



The only ideals of Z 2 L, the loop ring of the loop L over Z 2 are 

Z 2 L, {0}, Ii = {0, (1 + a + b + c + d)}, I 2 = {a = X a; m; / 1 a; = 0}. The set of ideals 
are {Z 2 L, {0}, l u I 2 }. 




is a modular lattice. In fact we can see that this set also forms a supermodular lattice. 

Now we can characterize when will the ideals of a loop ring does not form a super 
modular lattice. We denote by A u B = A + B, mean only the ideal generated by the 
set AuB. 

Theorem 2.4.35: Let L be a finite loop and K any finite field, KL be the loop ring. S 
denotes the collection of all ideals of KL. S is a super modular lattice if and only if S 
does not contain a set of 4 distinct ideals say A, B, C, D such that A u B = A u C = 
A u D> A and A > B n C, A> B nD, A> D nC. 

Proof. By the symbol “>’ we mean AuB has more elements than A. Similarly A > 
BnC implies A has more elements than BnC i.e., not only B n C, it is properly 
contained in A. 

Suppose S contains a set of 4 distinct elements A, B, C, D such that AuB = AuC 
= A u D > A and A > B n C, A>BnD, A>DnC then in the equation. 

(A uB)n(AuC)n (A uD) = Au [(B n C) n (A u D)] u [(D n B) n (A u C)] 
u [(C n D) n (A u B)] we get right hand side of the equation to be A u B where as 
the left hand side is A. Clearly A u B # A as A and B distinct. Hence S is not a super 
modular lattice. 

Conversely suppose S is not supermodular to prove S contains a set of 4 distinct 
ideals A, B, C, D such that AuB = AuC = AuD>A and A > B n C, A>Bn 
D, A > D n C. If S is not supermodular we have (A u B) n (A uC)n (A uD)> 
A u {(B n C) n (A u D)} u {(D n B) n (A u C)} u {(D n C) n (A u B)}. 
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Put a = a u [(B n C) n (A u D)] u [(B n D) n (A u C)] u {(D n C) n (A u B)] 
and b = B, c = C, and d = D. aub = AuB, a u C = A u C, aud = AuD. So 
(aubjn(auc)n(au d) > a. It is easily verified a>bnc,a>cnd and a > b n 
d. Hence the claim. 

Now we proceed on to see what is structure of strongly modular lattice. We at the 
outset say in a lattice L ‘+’ denotes ‘u’ and V denotes W. 

Definition 2.4.21: Let L be a lattice we say an element a e L is a strongly modular 
element of L if (a + b) (a + c) (a + d) (a + e) = a + be (a + d) (a + e) + bd (a + c) 
(a + e) + be (a + b) (a + c) + cd ( a + b) (a + e) + ce (a + b) (a + d) + de (a + b) (a 
+ c) for all b, c, d, e e L. 

This identity is known as the strongly modular identity. If in a lattice L all elements 
satisfy the strongly modular identity then we say L is a strongly modular lattice. 

Now our interest is to see when do the collection of all ideals of a loop ring form a 
strongly modular lattice. 

Example 2.4. 6. Let Z 2 = {0, 1} be the prime field of characteristic two and L be a 
loop given by the following table: 
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c 



Z?L be the loop ring of the loop L over Z 2 . Ideals of Z 2 L are {0} = I 0 , L = {0, 1 + a + 
b + c + d + e + f}, I 2 = {0, S a; m; / 1 a; = 0} and Z 2 L. The collection of ideals be 
denoted by S = {Io, Ii, I 2 , Z 2 L}. 



The lattice diagram of S is 




Figure 2.4.2 

which is easily verified to be a strongly modular lattice. 
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Theorem 2.4.36: Let L be a finite loop and K any field. KL the loop ring of the loop 
L over the field K. S denotes the set of all ideals of KL. S is strongly modular if and 
only if there does not exists 5 distinct elements A, B, C, D, E in S such that A u B = 
AuC = AuD=AuE>A and A > B n C, A> C nE, A> D nE, A > B n D, A 
> B nE and A > C n D. 

Proof. The proof follows by using the strongly modular identity and the mentioned 
relations in the theorem. 

Now in case of S-ideals and S-subrings the results given in those theorems hold 
good. But it is pertinent to mention here that we are not able to find other than the 
two theorems mentioned in this section about the S-ideals or ideal or subrings or of 
S-subrings. 

Problems: 

1. Is the loop ring Z7L9(8) a Marot loop ring? Justify your claim. 

2. Find all the regular elements of the loop ring Z 2 Ln(3). 

3. Give an example of a loop ring which is a weak Marot loop ring. 

4. Find L* for the loop ring Zi 2 Li3(3). 

5. Does the loop ring Z3 Lis( 8) have orthogonal ideals? 

6. Can Z 3 Li 5 (8) have S-orthogonal ideals? 

7. Give an example of a strongly right commutative loop ring. 

8. Is Z 8 L 9 (5) inner commutative? Is it S-inner commutative? 

9. Give an example of a pseudo commutative loop ring. 

10. Is the loop ring Z 2 Li 9 (3) S-pseudo commutative? 

1 1 . Find the lattice of S-subring of Z4Ls(3). 

12. Find all S-ideals of Z 8 L7(3). Does it form a modular lattice? 

13. Find all ideals of Z6L7(5). Do they form a supermodular lattice? 

14. Give an example of a loop whose S-ideal forms a strongly modular lattice. 

15. Give an example of a loop ring where only S-ideals form a modular lattice 
but ideals do not form a modular lattice. 



2.5 General properties of Smarandache loop rings and loop rings 

The determination of group of units in a group ring is an interesting one to several 
researchers. E.G. Goodaire [24 to 29] has studied this problem for loop rings in 
1986. The isomorphism problem for group rings was proposed in [32]. He asks if 
isomorphism of integral group rings ZH ~ ZG implies that the groups G and H are 
isomorphic. The problem has been settled only for special cases and remains open. 
The famous semi simplicity problem of finding necessary and sufficient condition 
for J(RZ) = 0 which remains still unsettled even over field of characteristic zero this 
has been studied by [24 to 29] in case of alternative loop rings. Very recently it has 
been proved that every representation of a semi simple analytic Moufang loop is 
completely reducible. Here we derive the Smarandache analogue of all these and 
suggest some problems. 
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Definition 2.5.1: An alternative ring is one in which the associator (x,y,z) = (xy)z 
x(yz) is a skew symmetric function of its arguments. 



It was proved that if in an alternative ring the subring generated by any pair of 
elements is associative. 



Theorem [29]: Suppose ZL is an alternative ring which is not associative and G is 
any subgroup of index 2 in L. Then 



(0 



The map * : G — > G defined by 



jg g g Z(G) 
[eg g £ Z(G) 



is an involution on G which extends to an involution on the group ring 
ZG as follows. 



( V 



Vs eG J 



\ 1 * 

■ 



(ii) Every element in ZL can be written in the form x + yu where x , y 

e ZG. Multiplication in ZL is given by (x + yu) ( z + wu) = (xz + 
go w* y) + (wx + yz*) u where x, y, z, w e Z G and g a is an element 
in Z(G). 

(Hi) The map * : ZL— > ZL defined by (x + yu)* = x + eyu is an 
involution on ZL extending, the one on ZG given in (i). An element 
a g ZL is central if and only if a* =a.. 

(iv) The centre of the nucleolus of the ring ZL coincides and are equal 

to {x+ yu | x, y Z ( RG ); ey = y} = {x + yu \ x g Z (RG) and ey = 

>V. 



The very natural study in the Smarandache direction for the above theorem is for the 
loop ring ZL where ZL in an alternative ring find Smarandache centre and 
Smarandache nucleus of the ring ZL. 

Do they concide? We see in case of the loops in L n . 

Theorem 2.5.1: Let L n (m) g L n , The centre Z (L n (m)) and Nucleus N (L n (m)) are 
just {e}. 

Proof: Left as an exercise for the reader to prove. 

The study of the nucleolus of RL n (m) and centre of R L n (m) where R is a ring is an 
important study. Do they coincide? or Are they just equal to R {e} = R? and so on. 

Find conditions on the units in ZL n (m) so that they are central units in ZL n (m). Can 
S-units be central units in ZL n (m)? 
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If has been proved by [24], 



Theorem 2.5.2: Suppose r is a central unit is an alternative loop ring ZL such that 
r is trivial . Then ZL is a S-loop ring. 

Proof: Given r is central, ey = y. since F is trivial either x = ± g + (1 - e) xi, y = (1 - 
e) yi for some xi and yi in the group ring [using results from 26] we have ZL is a S- 
loop ring. 

It is interesting to note the Zassenhaus conjecture for group rings which is still open 
in group rings is also open in loop rings all the more in case of Smarandache loop 
rings and loop rings which are S-rings. 

Zassenhaus conjecture: Let r e ZG be a normalized unit of finite order. Then there 
exists an invertible element a g QG and an element geG such that a _1 ra = g. 

Here Z denotes the ring of rational integers and Q the field of rationals g : ZG — > Z 
the augmentation map; i.e. map given by g (La g g) = Sa g . If we denote by U(ZG) 
the group of units of ZG, then the set V (ZG) = {a g U (ZG) | g (a) = 1} is called 
the group of normalized units of ZG. 

The elements of the form ±g, g e G are trivial units of ZG. [26] has established the 
alternative analogue of the Zassenhaus conjecture as follows; 

Theorem [25]: Let x be a normalized torsion unit in the integral alternative loop 
ring ZL of a finite loop L. Then there exists units 7/ y? g Q L and m g L such that 

J~2 (Y ( lr 7i)Y2 = m - 



He has proved that this extended conjecture is at least true in case of these alternative 
loop rings, which are not associative. Now we propose a analogue of Zassenhaus 
conjecture for S-loop rings and SNA-rings. Let KL be a loop ring, which is a SNA- 
ring. Then the augmentation map e:KL->K where K is the ring of integers given 
by g (Ia g g) = Ia g . 

If S U (ZG) denotes the set of S-units of ZG then the set S V (ZG) = {aeSU (ZG) 
e (a) = 1 } is called the group of Smarandache normalized units (S-normalized units) 
of ZG. Smarandache Zassenhaus conjecture. Let r e Z L which is Smarandache 
normalized unit in the integral loop ring of a finite loop L. Then there exists ai, a ,2 
e QL and m g L such that of 2 (a -1 1 r ai) 0,2 = m. 

It is still an open problem to solve the Smarandache Zassenhous conjecture for 

I. Smarandache loop rings. 

II. S- loop rings. 
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Problems: 



1. Is ZL<3) = ZL 5 (2)? 

2. Can ZLs(3) be S-Isomorphic with Z 7 (3)? Justify your answer 

3. Can we say QL n (m) is S-isomorphic with Z 2 L n (m)? Justify your 
claim. 

4. Find all S-units in Z 5 L 9 ( 8 ). 

5. Can Z 5 L 9 ( 8 ) have central units? 

6 . Verify Zassenhaus conjecture for the loop ring ZLn (3). 

7. Will ZLn (3) satisfy S-Zassenhaus conjecture? Justify. 
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Chapter 3 

GROUPOID RINGS AND SMARANDACHE 
GROUPOID RINGS 



This chapter has 5 sections. In the first section we introduce the concept of groupoids 
and Smarandache groupoids. Section two is devoted to the study and introduction of 
groupoid rings and Smarandache groupoid rings. In section three we study special 
elements in Smarandache groupoid rings and SNA-groupoid rings. Study of 
substructure is carried out in section four. In the final section several new properties 
like identities satisfied by Smarandache groupoid rings and other special and new 
notions about these groupoid rings are introduced and studied, we define level II 
Smarandache groupoid rings and study them. 



3.1 Groupoids and Smarandache groupoids 

In this section we introduce several of the properties of groupoids and Smarandache 
groupoids. Clearly as groupoids are the most generalized algebraic structures viz 
loops and semigroups; all loops are groupoids and groupoids in general are not 
loops. Likewise all semigroups are groupoids but all groupoids in general are not 
semigroups. Thus we study these groupoids and Smarandache groupoids with a main 
motivation to construct a new class of non-associative rings called groupoid rings. 
Groupoid rings are a generalized class of loop rings. Thus this study of these non- 
associative rings and mainly their Smarandache NA rings will reveal a lot of 
interesting results. The study of Smarandache groupoids started in the year 2002 
[70], Now we introduce and study Smarandache groupoid rings and groupoid rings. 

Definition 3.1.1: A non-empty set of elements G is said to form a groupoid if in G 
is defined a binary operation called the product denoted by * such that a * b e G for 
all a, b e G. It is important to mention here that the binary operation * defined on 
the set G need not be associative i.e. (a * b) * c ^ a * (b * c) in general for all a, b, c 
e G. 

Throughout this chapter by a groupoid (G, *) we assume that G is non-associative 
under the operation *. 

A groupoid G is said to be a commutative groupoid if for every a, b e G we have a * 
b = b * a. A groupoid G is said to have an identity element e in G if a * e = e * a = a 
for all a e G. 

Definition 3.1.2: Let (G, *) be a groupoid a proper subset II a G is a subgroupoid 
if (H, *) is itself a groupoid. 

Example 3.1.1: Let R be the set of reals (R, -) is a groupoid, where is the usual 
subtraction of reals in R. 
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Example 3.1.2: Let G be a groupoid given by the following table: 



* 


ai 


a 2 


a 3 


a 4 


ai 


ai 


a 3 


ai 


a 3 


a 2 


a 4 


a 2 


a 4 


a 2 


a3 


a 3 


ai 


a 3 


ai 


a 4 


a 2 


a 4 


a 2 


a 4 



This has H = {ai, a 3 } and K = {a 2 , a 4 } to be subgroupoids of the groupoid (G, *). A 
groupoid G which has only a finite number of elements in them is called a finite 
groupoid. A groupoid which has infinite number of elements is called an infinite 
groupoid or a groupoid of infinite order. 

Definition 3.1.3: A groupoid G is said to be a Moufang groupoid if it satisfies the 
Moufang identity (xy)(zx) = (x(yz))x for all x, y, z in G. 

Definition 3.1.4: A groupoid G is Bol if it satisfies the Bol identity ((xy)z)y = 
x((yz)y) for all x, y, z e G. A groupoid is a P -groupoid if (xy)x = x(yx) for all x, y e 
G. A groupoid G is right alternative if it satisfies the identity (xy)y = x(yy) for all x, y 
e G and G is left alternative if (xx)y = x(xy) for all x, y in G. A groupoid G is 
alternative if it is both right and left alternative. A groupoid is said to be a Jordan 
groupoid if it satisfies the Jordan identity x (x 2 y) = x (xy) for all x, y e G. 

Definition 3.1.5: G be a groupoid, P a non-empty proper subset of G. P is said be 
a left ideal of G if 

(a) P is a subgroupoid of G. 

(b) For all x e G and a e P we have x a e P. One can similarly define 
a right ideal of the groupoid G. P is called an ideal if P is 
simultaneously a left and a right ideal of G. 

Definition 3.1.6: Let G be a groupoid. A subgroupoid V of G is said to be a normal 
subgroupoid of G if 



a. aV = Va 

b. (Vxjy = V(xy) 

c. y(xV) = (yx) V 

for all x, y, a e G. A groupoid G is said to be simple if it has no nontrivial normal 
subgroupoid. 

Definition 3.1.7: A groupoid G is normal if 

1. xG = Gx 

2. G(xy) = (Gx)y 

3. y(xG) = (yx)G 



for all x, y e G. 
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Definition 3 . 1 . 8 : Let G be a groupoid H and K be two proper subgroupoids of G 
with H r\ K = (\> or {e}. We say H is conjugate with K if there exists x e H such that 
H = xK or Kx ‘or’ in the mutually exclusive sense. 

Direct products are defined as in case of other algebraic structures. 

A groupoid G has a zero divisor if 0 e G and for same 0 ^ a e G, there exists b =£ 0 
e G with a * b = 0. An element a e G is an idempotent of G if a * a = a 2 = a. Let G 
be a groupoid. The center of the groupoid C(G) = {x e G / a x = x a for all a e G}. 
We say a, b e G is a conjugate pair if a = bx (or xb for some x e G) and b = ay (or 
ya for some y e G). An element a in G is said to be right conjugate to b in G if we 
can find x,yeG such that a. x = b and b. y = a (x. a = b and y. b = a). Similarly we 
define left conjugate elements of G. One of the drawbacks about groupoids was that 
we did not have natural examples of groupoids built using Z n . So we recall the 
definition of a new class of groupoids using Z n . [70] 

Definition 3 . 1 . 9 : Let Z n = {0, 1, 2, ...., n-1}; n > 3, n < a. Define a binary 
operation * on Z n as follows. For any a, b e Z n define a * b = (at + bu) (mod n) 
where (t, u) = 1 where '+’ is the usual addition modulo n. {Z n , (t, u), *} or Z„ (t, u) is 
a groupoid. For varying values of t, u e Z„ \ {0} we get a class of groupoids for a 
fixed n. This class of groupoids is denoted by Z(n) and all groupoids in this class is 
of order n. i.e. Z(n) = { Z„, (t, u), * | far integers t, u e Z„ 1 {0} with (t, u) = 1}. 

Several interesting results can be obtained but the reader is requested to refer [W B V 
Pad B], 

By Z*(n) we denote the class of groupoids of order n built using Z n with the binary 
operation V such that for a, b e Z n , a.b = at + bu (mod n) where (t, u) need not 
always be relatively prime but t^u,t,ueZ n \{0}. Clearly the class of groupoids 
Z(n) is completely contained in Z*(n). Similarly we define Z (n) to be the class of 
groupoids built using Z n under the binary operation ‘o’ defined by a o b = ta + ub 
(mod n) for all a, b e Z n with t, u e Z n \ {0}. Thus for varying t and u we get a class 
of groupoids for any integer n. We denote this class by Z**(n). We have Z(n) cz Z*(n) 
c Z**(n). 

Now the most generalized class of groupoids using Z n denoted by Z***(n) is built 
using t,ue Z n with the binary operation such that a * b = ta + ub (mod n). Z(n) cz 
Z*(n) c Z**(n) cz Z***(n). Thus we get a natural class of groupoids of order n. 

Several interesting properties about them can be had from (WBV) P and B). 

Now we proceed on to define Smarandache groupoids and study about them. 
Smarandache groupoids were introduced only in the 2001. 

Definition 3 . 1 . 10 : A Smarandache groupoid (S-groupoid) G is a groupoid which 
has a proper subset S, S a G such that S under the operations of G is a semigroup. 

Example 3.1.3: The groupoid (G, *) given by the following table: 



59 




* 


0 


1 
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3 


4 


5 


0 


0 


3 


0 


3 


0 


3 


1 


1 


4 


1 


4 


1 


4 


2 


2 


5 


2 


5 


2 


5 


3 


3 


0 


3 


0 


3 


0 


4 


4 


1 


4 


1 


4 


1 


5 


5 


2 


5 


2 


5 


2 



Clearly Si = {0, 3} and S 2 = {1, 4} are semigroups of (G, *). A S-groupoid (G, *) is 
said to be a Smarandache commutative groupoid (S-commutative groupoid) if there 
is a proper subset which is a commutative semigroup. 

Let (G, *) be a groupoid. A non-empty subset H of G is said to be a Smarandache 
subgroupoid (S-subgroupoid) if H contains a proper subset K a H such that K is a 
semigroup under the operations of *. 

Theorem 3.1.1: IfG has a S-subgroupoid then G is a itself a S-groupoid. 

Proof: Direct by the very definition. 

Theorem 3.1.2: Every subgroupoid of a S-groupoid need not in general be a S- 
subgroupoid. 

Proof: Follows by counter examples. 

Definition 3.1.11: A Smarandache left ideal (S-left ideal) A of a S-groupoid G 
satisfies the following conditions. 

1. A is a S-subgroupoid of G. 

2. x e G and a e A then x a e A. 

Similarly, we can define Smarandache right ideal (S-right ideal), if A is both a S- 
right ideal and S-left ideal simultaneously then we say A is a Smarandache ideal (S- 
ideal). 

Let V be a S-subgroupoid of a groupoid G. We say V is a Smarandache seminormal 
groupoid (S-seminormal groupoid) if 

(i) aV = Xfor all a e G 

(ii) Va = Y for all a e G 

where either X or Y is a S-subgroupoid of G but both X and Y are subgroupoids of G. 

We say V is a Smarandache normal groupoid (S-normal groupoid) if aV = X and Va 
= Y for all a e G where both X and Y are S-subgroupoids of G. Let H and P be any 
two subgroupoids of a groupoid G we say H and P are Smarandache semi conjugate 
subgroupoids (S-semi conjugate subgroupoids) of G, if 



60 




1. H and P are S-subgroupoids of G. 

2. H = xP or Px or 

3. P = xH or Hx for some xeG. 

Definition 3.1.12: Let H and P be two subgroupoids of G. We say H and P are 
Smarandache conjugate subgroupoids (S-conjugate subgroupoids) of G if 

1. H and P are S-subgroupoids of G. 

2. PI — xP or Px and 

3. P = xH or Hx. 

Definition 3.1.13: Let G be a S-subgroupoid. We say G is a Smarandache inner 
commutative groupoid (S-inner commutative groupoid) if every semigroup contained 
in every S-subgroupoid of G is commutative. 

Definition 3.1.14: Let (G, *) be a S-groupoids. If every S-subgroupoid H of G 
satisfies the Moufang identity for all x, y, z in H then G is said to be a Smarandache 
strong Moufang groupoid (S-strong Moufang groupoid). If there exists at least one 
S-subgroupoid H of G which satisfies the Moufang identity then we call G a 
Smarandache Moufang groupoid (S-Moufang groupoid). 

It is easily verified that all S-strong Moufang groupoids are S-Moufang groupoid, 
whereas S-Moufang groupoids are not in general S-strong Moufang groupoids. 

On similar lines one can define Smarandache Bol groupoid, Smarandache strong Bol 
groupoid, Smarandache alternative (right/left) groupoid, Smarandache strong 
alternative (right/left) groupoid and Smarandache strong P-groupoid and 
Smarandache P-groupoid. For more about groupoids and S-groupoids please refer [4, 
5,67,70], 

Problems: 

1. Find an example of a groupoid of order 7, which is not a S-groupoid. 

2. Is Z 7 (3,2) a S-groupoid? 

3. Give an example of a S-normal groupoid. 

4. Give an example of a normal groupoid which is not a S-groupoid. 

5. Does there exist a S-strong Bol groupoid of order 10? 

6. Give an example of a Bol groupoid, which is not a S-Bol groupoid. 

7. Will a S-Moufang groupoid be a Moufang groupoid? 

8. Show by an example that a Bol groupoid need not be a S-Bol groupoid. 

9. Find a S-groupoid which is simple and of order 8. 

10. Show by example all simple groupoids need not be S-simple groupoids. 



3.2Groupoid rings and Smarandache groupoid rings 

In this section we introduce the concept of groupoid rings and Smarandache 
groupoid rings. The study of groupoid rings is very recent. Groupoid rings are 
constructed analogous to group rings where groups are replaced by groupoids. Rings 
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are always assumed to be commutative with unit. Further groupoid rings leads to a 
collection of non-associative rings. 

These non-associative rings may or may not contain identity. Using different types of 
groupoids we can have non-associative rings which are commutative or non- 
commutative ring of infinite or finite order. Thus using groupoid rings we get a new 
class of non-associative rings which are a generalized class of loop rings for every 
loop ring is a groupoid ring. Study of loop rings are carried out in chapter 2. 
Throughout this section, G will denote a groupoid may or may not contain 1 . R is a 
commutative ring with 1 or a field. 

Definition 3.2.1: Let G be a groupoid and R a ring or a field. The groupoid ring 
RG consists of all finite formal sums of the form X r, g, (i - running over a finite 
number) where r, e R and g, e G satisfying the following conditions. 



n n 

!■ Ys r i Si = Si <=> r i = s, for i = 1, 2, 3 , ..... n. 

i=i 1=1 



2 . 

3. 

4. 

5. 



f n \ 



f « 



2>, m , + Z Pi m i\ = 2>, + p, ) 

V i =1 ) \ i =1 J i=l 



1 m . 



^ n \ f n A 

m i) I/P, m i) = where n h = m i m i where jk = X a,- (3/ 

\i=l J V i=l J 



r j mt = nij r^for all r t e R and nu e G. 



! -y r m t = J* ' (r r t ) m j for r„ r e R. Since I e R and m, e G, we have G = 



1=1 



1=1 



1. G c= RG and R c RG if and only if G has identity > otherwise R c£ RG. 



Clearly RG is a non-associative ring with 0 e R as its additive identity. The 
groupoid ring RG is an alternative ring if (xx) y = x(xy) and x(yy) = (xy)y for all 
x, y e RG. 

Let RG be a ring and letx, y e RG. A binary operation known as the circle operation 
denoted by ‘o ’ is defined by x o y = x + y - xy. The concepts of right (left) quasi 
regular elements, the Jacobson radical J(RG) of RG are defined as in the case of any 
non-associative ring. 

Example 3.2.1: Let Z 2 = {0,1} be the prime field of characteristic two and G be a 
groupoid given by the following table: 





a 0 


ai 


a 2 


a 0 


a 0 


a 2 


ai 


ai 


ai 


a 0 


a 2 


a 2 


a 2 


ai 


a 0 
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Z 2 G is the groupoid ring given by Z 2 G = {0, a 0 , ai, a 2 , a 0 + a u a 0 + a 2 , ai + a 2 , a 0 + 
ai + a 2 }. |Z 2 G| = 8 and Z 2 G is a non-commutative and non-associative ring. We have 
a = a 0 + ai + a 2 to be an idempotent for a 2 = (a 0 + + a 2 ) 2 = a 0 + ai + a 2 . Clearly 

Z 2 G has no unit element. This is the smallest non-associative ring known to us 
without having unit element. We define the concepts of subring and ideals. 

Definition 3.2.2: Let RG be a groupoid ring. We call a subring V of RG to be a 
normal subring if 

(1) aV= Va 

(2) ( Vx)y = V(xy) 

(3) y(xV) = (yx)V 

for all x, y, a e G. 

The groupoid ring is simple if it has no normal subrings. We call RG a normal 
groupoid ring if 

(a) x(RG) = (RG)x 

(b) RG(xy) = ((RG)xJy 

(c) y(x(RG)) = (yx) (RG) 

for all x, y e RG. 

Definition 3.2.3: Let RG be a groupoid ring of a groupoid G over the ring R. The 
centre of RG = C(RG) = {x e RG/ xa = ax for all a e RG}. 

Definition 3.2.4: Let RG be a groupoid ring. We say a, b e RG is a conjugate pair 
if a = bx(orxb) for some x e RG and b = ay (orya for somey e RG). 

We define an element a e RG to be right conjugate in RG if we can find x, y e RG 
such that ax = b and by = a (xa = b and yb = a). Similarly we define left conjugate. 

We define a groupoid ring RG to be a Moufang ring if the Moufang identity (of) 
(ya) = (a(fiy))a is satisfied for all a, (3, y e RG. 

Similarly, we define P-ring, Bol ring and right (left) alternative ring in case of 
groupoid rings RG. 

The study of these rings mainly depends on the structure of the groupoid G but not 
totally on the groupoid G. We can only prove if RG is a Moufang (Bol, P or 
alternative) groupoid ring then G is a Moufang groupoid (Bol groupoid, P-groupoid 
or alternative groupoid). Now we proceed on to define Smarandache groupoid rings 
and Smarandache non-associative rings. 

Definition 3.2.5: Let RG be a groupoid ring; RG is a Smarandache groupoid ring 
(S-groupoid ring) if and only if G is a S-groupoid. 
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Definition 3.2.6: Let RG be a groupoid ring; RG is a SNA-ring if and only if RG 
has a proper subset which is an associative ring under the operations of RG. 

Remark: If RG is a groupoid ring and G is a groupoid with unit then this groupoid 
ring is always a SNA-ring. It is inevitable to note that it is not very easy to construct 
groupoids with identity. For when we define groupoids with identity we do so by 
only adjuring an element with G, but this adjoined element usually is not well 
adjusted with G so we in all cases do not get all groupoid rings to be SNA-rings as 
most of the groupoids in the new classes of groupoids do not have identity 1 in them. 
Thus in all cases we have groupoid rings, which are neither SNA-rings nor S- 
groupoid rings. All S-groupoid rings are SNA-rings, we prove this in the following 
theorem. 

Theorem 3.2.1: Let RG be a groupoid ring which is a S-groupoid ring then RG is a 
SNA-ring. 

Proof: By the very definition of the S-groupoid ring we see G is a S-groupoid so G 
has a proper subset H which is a semigroup. Now consider the semigroup ring RH. 
Clearly RH <z RG and RH is an associative ring so RG is a SNA-ring. 

Theorem 3.2.2: A groupoid ring RG which is a SNA-ring need not in general be a 
S-groupoid ring. 

Proof: Suppose G is a groupoid which is not a S-groupoid with unit 1. Then in the 
groupoid ring R <z RG is an associative subring but as G is not a S-groupoid, RG is 
not a S-groupoid ring. 

Thus we see the class of S-groupoid rings contains completely the class of groupoid 
rings which are SNA-rings. 

Theorem 3.2.3: Let RG be the groupoid ring. If g e G is an idempotent of G and G 
has unit, then the groupoid ring has idempotents. 

Proof: Obvious from the fact g 2 = g for g e G and 1 e RG as 1 e G so g e RG 
which is an idempotent 

Remark . If g 2 = g in RG then we have g(g-l) = 0isa divisor of zero. But the more 
interesting part of the question is that can every RG have S-idempotents for S- 
idempotents are defined in non-associative rings only as in the case of associative 
rings. For the existence of S-idempotents does not demand the groupoid ring to a S- 
groupoid ring or a SNA-ring, what we need is the existence of idempotents in the 
groupoid ring. 

Theorem 3.2.4: Let RG be a groupoid ring. If the groupoid G has S-subgroupoids 
then RG has S-subrings. 

Proof: Follows from the very definition of S-subgroupoids and S-subrings. In fact 
we can say RG has S-groupoid subrings. 

Example 3.2.2: Let G be a groupoid with identity given by the following table: 
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1 


a 0 


ai 


a 2 


1 


1 


a 0 


ai 


a 2 


a 0 


a 0 


1 


a 2 


ai 


ai 


ai 


a 2 


1 


a 0 


a 2 


a 2 


ai 


a 0 


1 



Z 2 = {0,1} the prime field of characteristics two. Z 2 G be the groupoid ring. 

Z 2 G = {0, 1, a 0 , a b a 2 , 1+ a 0 , 1+ a h 1 + a 2 , a 0 + a b a 0 + a 2 , ai + a 2 , 1 + a 0 + ai, 1 + a 0 
+ a 2 , 1 + a 2 + ai, ao + ai + a 2 , 1 + ao + ai + a 2 }. 

|Z z G| = 16. We have zero divisors in Z 2 G, for (1 + a 0 ) 2 = 0 = (1 + ai) 2 = (1 + a 2 ) 2 = (1 
+ a 0 + ai + a 2 ) 2 = 0 . (a 0 + ai) 2 = 0 , (a 0 + a 2 ) 2 = 0 and (ai + a 2 ) 2 = 0 and (1 + a 0 + a}) 2 = 
1 = (1 + ao + a 2 )" = (1 + ai + a 2 )~ = (ao + ai + a 2 ) 2 . 

In view of this we have the following theorem. 

Theorem 3.2.5: Let Z 2 = {0, 1} be the prime field of characteristic two and G be a 
commutative groupoid with unit of even order in which every g e G is such that g = 
1. Then Z 2 G = K u If where K consist of nilpotent element of order two and H units 
of a special form x 2 = 1 for all x e H. 

Proof: Z 2 H = KuH where K = {£ dig; | d; e Z 2 and g; e G with Sot; = 0} and H = 
{S dig; / d; e Z 2 and g ; e G with Sd; = 1 } . It is given for all geG,g 2 =l and G is 
commutative and order of G is even. Hence for any heHwe have 



h = Z a i Si 



1 = 1 



where n is odd i.e. h = gi + . . . + g n ; h 2 = 1 using gj 2 = 1 and g; g, = gj gj. Similarly if 
k e K then we have k 2 = 0. Hence the claim. If G is of odd order we have such a 
division only when G is a commutative groupoid with 1 and for every geGwe have 
g 2 = 1 . In Z 2 G the groupoid ring we have Z 2 G = Hu K as mentioned in the theorem 
and H n K = <j). 

It is nice to note that H is not even closed under addition where as K is a subring 
under the operations of Z 2 G. 

Definition 3.2.7: We say the groupoid ring RG is a Smarandache commutative (S- 
commutative) if RG has a proper Smarandache subring (S-subring) which is 
commutative. 

We say RG is Smarandache strongly commutative (S-strongly commutative) if every 
proper S-subring ofRG is commutative. 

Remark: We see even if RG is S-strongly commutative ring still RG need not be 
commutative. Further if RG is S-strongly commutative then it is S-commntative. 



65 




Suppose RG is a commutative groupoid ring which has no S-subrings then RG is not 
S-strongly commutative or S-commutative. 

So for S-commutative to exist RG should posses S-subrings which are commutative 
even if RG is a commutative groupoid ring still RG need not be S-commutative. We 
as in case of S-seminormal groupoid define S-seminormal groupoid ring and S- 
normal groupoid rings. 

Definition 3.2.8: Let RG be a groupoid ring. We call a subset W of RG to be a 
Smarandache seminormal subring (S-seminormal subring). If 

1. W is a S-su bring of RG. 

2. aW = Xfor all a e RG. 

3. Va = Y for all a e RG 

where either X or Y is a S-subring of RG and X and Y are both subrings. We say W is 
Smarandache normal subring (S-normal subring) if aV = X and Va = Y for all a e 
RG where both X and Y are S-subrings of RG. 

Result: Every S-normal subring is a S-seminormal subring of RG. Here we define 
the concept of n-ideal groupoid rings. 

Definition 3.2.9: Let RG be a groupoid ring we say RG is a n-ideal groupoid ring 
if for n-ideals Si, Si, ..., S n of RG there exists exactly n-distinct elements xj, x 2 , ..., x„ 
e RG 1 {Si u S 2 u ... u S,,} such that (x/ uS ; u S 2 u ...u S„) = (x 2 uSjU S 2 u .... 
u S„) = ... = (x„ u Si u S 2 u ... u S„) where ( ) denotes the ideal generated by x, u 
Sj(J S 2 kj ... u S n for 1 < i < n. 

Definition 3.2.10: Let RG be a groupoid ring. Si, S 2 , ..., S„ be any n S-ideals of 
RG. We say RG is a Smarandache n-ideal ring (S-n-ideal ring) if there exists n 
distinct elements xi, ... x n in RG \ {Si u S 2 u ... u S„) such that (x;U Si u S 2 u...u 
S n ) = (x 2 u Si u S 2 ... u S„) = ...=( x n u Si u S 2 u ... u S„ ) where { ) denotes the 
S-ideal generated by x, uS;U S 2 u ...u S n for 1 <I<n. 

It is pertinent to note that n can be any integer value 2 or 3 or 4 or .. . Depending on 
the groupoid G and on the ring R we find whether groupoid ring RG is a S-n-ideal 
ring or n-ideal ring for some suitable integer n. 

Example 3.2.3: Let Z 2 = {0, 1} be the prime field of characteristic two and G be a 
groupoid given by the following table: 
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